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p-ADIC HODGE-THEORETIC PROPERTIES OF ETALE 

COHOMOLOGY WITH MOD p COEFFICIENTS, AND THE 

COHOMOLOGY OF SHIMURA VARIETIES 

MATTHEW EMERTON AND TOBY GEE 



Abstract. We show that the mod p cohomology of a smooth projective va- 



riety with semistable reduction over K, a finite extension of t 



embeds into 



the reduction modulo p of a semistable Galois representation with Hodge-Tate 
weights in the expected range (at least after semisimplifying, in the case of the 
cohomological degree > 1). We also prove refinements with descent data, and 
we apply these results to the cohomology of unitary Shimura varieties, deduc- 
ing vanishing results and applications to the weight part of Serre's conjecture. 

The aim of this paper is to establish some results about the p-adic Hodge the- 
oretic properties of the etale cohomology of varieties over a number field or p-adic 
field with coefficients in a field of characteristic p, and to give some applications 
to the cohomology of the Shimura varieties associated to certain unitary similitude 
groups. 

In the first section we establish results about the mod p etale cohomology of 
varieties over number fields or p-adic fields which, although weaker in their con- 
clusions, are substantially broader in the scope of their application than previously 
known mod p comparison theorems. For example, we prove the following result 
(see Theorem II. 3. II below). 

A. Theorem. Let K be a finite extension of Qp, and write Gk for the abso- 
lute Galois group of K . If X is a smooth projective variety over K which has 
semistable reduction, and if p is an irreducible subquotient of the GK-fepresentation 
Hl^{X^,¥p), then p also embeds as a subquotient of a Gk -representation over ¥p 
which is the reduction modulo the maximal ideal of a Gk -invariant Zip-lattice in a 
G K -fepT'esentation over Q„ which is semistable with Hodge-Tate weights contained 
in the interval [— J,0]. 

Both the hypotheses and the conclusions of our theorems are rather precisely 
tailored to maximise (as far as we are able) their utility in applications to the 
analysis of Galois representations occurring in the cohomology of Shimura varieties. 
In the third section of the paper we provide some such applications, which should 
serve to illustrate both the scope and the limitations of our results. For example, 
we prove the following results. (See Corollary 13.5.11 and Lemma 14.1.91 below, and 
see Sections [2] and [3] for the precise definitions that we are using; for simplicity we 
work with C/(2, 1)-Shimura varietieqj over a quadratic imaginary field E. Note that 
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These Shimura varieties might more properly be called GU(2, 1)-Shimura varieties; see Section 
[3] for their definition. 
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"sufficiently small level" means that the compact open subgroup defining the level 
is sufficiently small.) 

B. Theorem. Let X be a projective U{2,l)-Shimura variety of some sufficiently 
small level, and let J- be a canonical local system of¥p-vector spaces on X. Let m 
be a maximal ideal of the Hecke algebra acting on the cohomology H'{X,J-), and 
suppose that there is a Galois representation pm '■ Ge -^ GL3(Fp) associated to m. 
// we suppose further that we have SL3(fc) C Pm{GE) C F SL3(fc) for some finite 
extension k/¥p, and that PmlcQ *s 1-regular and irreducible, then the localisations 
HI^{Xq, T)m vanish in degrees i y^2. 

Note that we make no assumption on the level of the Shimura variety at p. In 
fact, we prove a version of this result for U{n~ 1, 1)-Shimura varieties under weaker 
assumptions on pm', however, in general we can only prove non- vanishing in degrees 
outside of the range [n/2, (3n — 4)/2]. 

Note that a Galois representation pm as in the statement of Theorem IB] is known 
to exist if m arises from the reduction mod p of some automorphic form. Since it 
is not known how to construct such a representation other than in this case, it is 
of interest to prove results on H^^{X-^, ¥p) without reference to some particular m. 
To that end we have the following result (Theorem 13.5.31 below) . 

C. Theorem. Let X and T be as in the statement of Theorem |BJ If p is a 
three-dimensional irreducible sub-Gs -representation of the etale cohomology group 
HI^(Xq,J-), then either every irreducible subquotient of p\Q,, is one-dimensional, 
or else p\Gn ^s not 1-regular, or else p{Ge) is not generated by its subset of regular 
elements. 

The remaining two sections of the paper are devoted respectively to using inte- 
gral p-adic Hodge theory (Breuil modules with descent data) to establish a result 
related to the reductions of tamely potentially semistable p-adic representations of 
Gq (Section!^ and to proving some technical results about group representations 
(Section in . The result of Section |2] is an essential ingredient in the arguments of 
Section |3l while the results of Section |4] provide sufficient conditions for the vari- 
ous representation-theoretic hypotheses appearing in the results of Section |3] to be 
satisfied. 

Application to Serre-type conjectures. We are able to combine our results 
with those of |EGH11] so as to establish cases of the weight part of the Serre- 
type conjecture of [Her09| for U{2, 1). More precisely, we have the following result 
(where the assertion that p is modular means that the corresponding system of 
Hecke eigenvalues occurs in the mod p cohomology of some C/(2, 1)-Shimura variety; 
see Theorem 13.5.51 and Lemma [4. 1.91 ) 

D. Theorem. Suppose that p : Ge — > GL3(Fp) satisfies SL3(fc) C p{Ge) C 
FpSL3(A:) for some finite extension k/¥p, that p\gq is irreducible and 1-regular, 
and that p is modular of some strongly generic weight. Then the set of generic 
weights for which p is modular is exactly the set predicted by the recipe of |Her09] . 

Relationship with a mod p analogue of Arthur's conjecture. Arthur has 
made a quite precise conjecture regarding the systems of Hecke eigenvalues that 
appear in the L^-automorphic spectrum of any reductive group over a number field 
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[Art 89] , which has consequences for the nature of the Hecke eigenvalues appearing 
in the cohomology of Shimura varieties [Art 89 1 §9]. For our purposes it suffices to 
describe a qualitative version of these consequences: namely, Arthur's conjecture 
implies that if A is a system of Hecke eigenvalues appearing in the degree i coho- 
mology, where i is less than the middle dimension, then A is attached (in the sense 
of e.g. (BGlOj . |Johl2j ) to a reducible Galois representation (i.e. one which factors 
through a parabolic subgroup of the L-group) . 

The fragmentary evidence available suggests that a similar statement will be 
true for the mod p cohomology of Shimura varieties. Our Theorems [B] and [Cj give 
further evidence in this direction. 

Remarks on p-adic Hodge theory. We now describe in more detail our 
results on the integral p-adic Hodge theory of the etale cohomology of projective 
varieties, which are perhaps the most novel part of this paper. 

It is well-known that integral p-adic Hodge theory is less robust than the corre- 
sponding theory with rational coefficients; for example, the comparison theorems for 
integral and mod p etale cohomology due to Fontaine-Messing |FM87| and Faltings 
|Fal89| involve restrictions both on the degrees of cohomology and the dimensions 
of the varieties considered, and they also require that the field K be absolutely 
unramified and that the variety under consideration be of good reduction. More 
recently, Caruso |Car08| has proved an integral comparison theorem in the case of 
semistable reduction for possibly ramified fields K, but there are still restrictions: 
his result requires that ei < p — 1, where e is the absolute ramification index of K^ 
and i is the degree of cohomology under consideration. 

These restrictions are unfortunate, since mod p and integral p-adic Hodge theory 
are among the most powerful local tools available for the analysis of Galois repre- 
sentations occurring in the mod p etale cohomology of varieties. The premise that 
underlies the present work is that frequently in such applications, one does not need 
a precise comparison theorem relating the mod p etale cohomology to an analogous 
structure involving mod p de Rham or crystalline cohomology. Rather, one often 
uses the comparison theorem merely to draw much less specific conclusions, such as 
that the Galois representations occurring in certain mod p etale cohomology spaces 
are in the essential image of the Fontaine-Laffaille functor, applied to Fontaine- 
Laffaille modules whose Fontaine-Laffaille numbers lie in some prescribed range. 
Our aim is to establish results of the latter type in more general contexts than they 
have previously been proved. 

The precise direction of our work is informed to a significant extent by the 
fairly recent development of a rich internal integral p-adic Hodge theory, by Breuil 
[BreOO| . Kisin |Kis06| . Liu |Liu08) and others. What we mean here by the word 
"internal" is that these developments have been directed not so much at applica- 
tions to comparison theorems, but rather at the purely Galois-theoretic problem of 
giving a p-adic Hodge-theoretic description of Galois- invariant lattices in crystalline 
or semistable Galois representations, and of the mod p Galois representations that 
appear in the reductions of such lattices. These tools, especially the theory of Breuil 
modules |BreOO| , which provides the desired description of the mod p representa- 
tions arising as reductions of such lattices, have proved very useful in arithmetic 
applications. Because of the availability of these tools, it has become both possible 
and worthwhile to move beyond the Fontaine-Laffaille context in integral p-adic 
Hodge theory. While Caruso's work mentioned above is a significant step in this 
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direction, an important aspect of the present work will be the consideration of sit- 
uations in which the bound ei < p — 1, required for the validity of the comparison 
theorem of |Car08| . does not hold hold. 

Our goal, then, is to establish in various situations that a Galois representation 
appearing in the mod p etale cohomology of a variety can be embedded in the re- 
duction of a Galois-invariant lattice contained in a crystalline or semistable Galois 
representation, with Hodge-Tate weights lying in some specified range (namely, the 
range that one would expect given the degree of the cohomology space under con- 
sideration). Since, in arithmetic situations, one frequently has to make a ramified 
base-change in order to obtain good or semistable reduction, and since the resulting 
descent data on the associated Breuil module typically then play an important role 
in whatever analysis has to be undertaken, we also prove results in certain cases 
of potentially semistable reduction which allow us to gain some control over these 
descent data. 

The idea underlying our approach is very simple. Suppose that X is a variety 
over a p-adic field K. If i is some degree of cohomology, then we have a short exact 
sequence 

^ Hl,{XT^,Zp)/pHl,{XT^,Zp) ^ Hl,{XT^,¥.p) ^ ff^+i(X^,Zp)[p] ^ 0, 

as well as an isomorphism 

Qp ®z, HUXt^, Zp) ^ HI,{Xt^, Qp). 

Thus, if both H^^{Xj^,Zp) and Hl'^^{Xj^,Zp) are torsion-free, then we see that 
Hl^{X-i^,¥p) is the reduction mod p of Hl^{X-i^,Zp), which is a Galois-invariant 
lattice in Hl^{X^,<[Jp). Furthermore, the usual comparison theorems of rational 
p-adic Hodge theory |Fal89| ITsu99j can be applied to conclude that this latter 
representation is e.g. crystalline (if X is proper with good reduction) or semistable 
(if X is proper with semistable reduction). 

The obstruction to implementing this idea is that we have no reason to believe 
in general that Hl^{Xj^,Zp) and HT^^{X-i^,Zp) will be torsion-free. To get around 
this difficulty, we engage in various devissages using the weak Lefschetz theorem. 
To explain these, first consider the case when X is a projective curve and i — 1. 
In this case all the cohomology with Zj,-coefficients is certainly torsion-free, and 
so H^^{Xj^,¥p) is the reduction of a Galois-invariant lattice in H^^{X^, Qp). Now 
a simple induction using the weak Lefschetz theorem shows that for any smooth 
projective variety X over K, there is an embedding 

Hl,iXT^,¥p)^Hi,iCT^,¥p), 

where C is a smooth projective curve. Furthermore, if X has good (respectively 
semistable) reduction, we can ensure that the same is true of C. This gives the 
desired result in the case of H^ (ignoring for a moment the problem of obtaining a 
refinement dealing with descent data in the potentially semistable case). 

For higher degrees of cohomology, a more elaborate devissage is required. The 
key point, again established via the weak Lefschetz theorem, is that if X is smooth 
and projective of dimension d, and if Y and Z are sufficiently generic hyperplane 
sections of X, then the cohomology of the pair ((X \ Y)j^, [Z \ Y)-j^ , with either 
Zp or ¥p coefficients, vanishes in degrees other than d (see Subsection IA.3I of the 
appendix), so that H^^ ((X \ Y)j^, {Z \ Y)-j^^ Zp) is torsion-free and is thus a Galois- 
invariant lattice in Hf^ ((X \ Y^-j^, {Z \ Y)-^^, Qp), which is potentially semistable by 
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[Yamllj . and whose reduction is equal to Hf^(^{X\Y)j^, {Z\Y)j^, ¥p). Such relative 
cohomology spaces are the essential ingredient of the basic lemma of Beilinson 
[Bei87| , and we learned the idea of using them as building blocks for the cohomology 
of varieties from Nori ^Nor02j , who has used the basic lemma as the foundation of his 
approach to the construction of motives. Indeed, our present approach to integral 
p-adic Hodge theory was inspired by Beilinson's and Nori's work. 

Remark on related papers. Very general vanishing theorems for the mod p 
cohomology of Shimura varieties have been proved by Lan and Suh (cf. jLSllj ): 
however, their results apply only in situations of good reduction and for coefficients 
corresponding to small Serre weights, which makes them unsuitable for the kinds of 
applications we have in mind, e.g. to the weight part of Serre-type conjectures. In 
the ordinary case there is the work of Mokrane-Tilouine in the Siegel case |MT021 
§9] and Dimitrov in the case of Hilbert modular varieties IDim05| §6.4]. Finally, in 
the recent preprint jShillj . Shin proves a general vanishing result for cohomology 
outside of middle degree for the part of the mod p cohomology which is super- 
cuspidal at some prime I ^ p, hy completely different methods to those of this 
paper. It seems plausible that via the mod p local Langiands correspondence for 
GL„(Q/), Shin's hypothesis could be interpreted as a condition on the restriction to 
a decomposition group at I of the relevant mod p Galois representations, whereas 
our conditions involve the restriction to a decomposition group at p, so our results 
appear to be complementary. 

Acknowledgements. We would like to thank Brian Conrad, Florian Herzig, 
Mark Kisin, Kai-Wen Lan, Madhav Nori, Bjorn Poonen, Michael Rapoport, Junecue 
Suh, and Teruyoshi Yoshida for helpful correspondence and conversations on the 
subject of this article. 

Conventions. For any field K we let Gk denote a choice of absolute Galois 
group of K. 

li K is a finite field then by a Frobenius element in Gk we will always mean 
a geometric Frobenius element. We extend this convention in an evident way to 
Frobenius elements at primes in Galois groups of number fields, and to Frobenius 
elements in Galois groups of local fields. 

If X is a local field, then we let Ok denote the ring of integers of K, we let Ik 
denote the inertia subgroup of Gk, we let W^ denote the Weil group of K (the 
subgroup of Gk consisting of elements whose reduction modulo Ik is an integral 
power of Frobenius), and we let WDk denote the Weil-Deligne group of K. 

If JC is a number field, and w is a finite place of K , then we will write Ky for the 
completion of K at v, and Ok^ for its ring of integers. We will write Ok,(v) for the 
localisation of Ok at the prime ideal v. 

We will write Zp for the ring of integers in Qp (a fixed algebraic closure of Qp), 
and m^ for the maximal ideal of Zp. 

We let to denote the mod p cyclotomic character. We will denote a Teichmiiller 
lift with a tilde, so that for example uj is the Teichmiiller lift of uj. 

We use the traditional normalisation of Hodge-Tate weights, with respect to 
which the cyclotomic character has Hodge-Tate weight 1. 

If X is a closed geometric point of a Noetherian scheme X, then we let Ox,x 
denote the local ring of X at x, i.e. the stalk, in the etale topology on X, of the 
structure sheaf of X at x, we let Ox,x denote the completion of Ox,x , and we write 
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Xx :~ Spf Os,x, and refer to Xx as the formal completion of X along the closed 
geometric point x. 

1. p-ADic Hodge theoretic properties of mod p cohomology 

1.1. Bertini-type theorems. We begin by giving a straightforward generalisa- 
tion of some of the results of |JS09| , which build on the results of |Poo04| to prove 
Bertini-type theorems for varieties with semistable reduction over a discrete valu- 
ation ring. It will be convenient to allow K to denote either a number field, or a 
field of characteristic zero that is complete with respect to a discrete valuation with 
perfect residue field fc^ of characteristic p. We abbreviate these two situations as 
"the global case" and "the local case" respectively, and in the former case we will 
let V denote a place of K dividing p. 
We recall the following definition: 

1.1.1. Definition. Suppose firstly that we are in the local case. We then say that 
a projective (!?i<--scheme X is semistable if it is regular and flat over SpecOi<-, 
and if the special fibre Xs is reduced and is a union of normal crossing divisors; 
equivalently, a projective Oi^-scheme X is semistable if at each closed geometric 
point X oi Xs^ there is an isomorphism of complete local rings 

Ox,X = 0^[[xi,...,Xn]]/{.Xi •••x,„ -wk), 

where O^ is the completion of the strict Henselisation of Ok (equivalently, the 
completion of the ring of integers in the maximal unramified algebraic extension 
of K), the element vjk is a uniformiser of C|J^, and 1 < m < n. 

Again in the local case, we say that a smooth projective iiT-scheme has good 
reduction if it admits a smooth projective model over Ok , and that it has semistable 
reduction if it admits an extension to a projective Oi^^-scheme which is semistable 
in the sense of the preceding definition. 

In the global case, we say that a smooth projective K-schevae has good reduction 
at V if it admits a smooth projective model over Ok.(v)i and that it has semistable 
reduction at v if it admits a semi-stable projective model over OkAv)i i-6- a projec- 
tive model over Ok,{v) whose base-change over Ok^ is semistable in the sense of 
the preceding definition. 

1.1.2. Proposition. Let X be a smooth projective variety over K with semistable 
{respectively good) reduction {at v, in the global case). Then there are smooth hyper- 
surface sections Y and Z of X {with respect to an appropriately chosen embedding 
of X into some projective space) such that Y and Z intersect transversely, and all 
of Y , Z , Y C\ Z have semistable {respectively good) reduction {at v, in the global 
case). 

Proof. We firstly handle the local case. Choose an extension A" of X to an Ok- 
scheme that is projective and smooth (in the good reduction case) or semistable 
(in the semistable reduction case), and fix an embedding of X into some projective 
space over Ok- By Corollary and Corollary 1 of |JS09j (or, perhaps more precisely, 
by their proofs) we can find a hypersurface section y oi X such that y is again 
either smooth or semistable over Ok- We take Y to be the generic fibre of y. By 
Remark (ii) of |JSQ9| , together with Lemma 1 and the remark immediately before 
Corollary 1 of op. cit., we see that in order to find Z it is enough to check that 
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given a finite collection Xi,. . . ,Xn of smooth projective schemes in P^^ , there 
is a common hypersurface section meeting each of them transversely. This is an 
immediate consequence of Theorem 1.3 of |Poo04) . taking the set Up there to be 
the subset of Op consisting of the / such that / = is transverse to each Xi at 
P (since this set contains all the / which do not vanish at P, it has positive Haar 
measure) . 

We now pass to the global case. Let <Y be a smooth (in the good reduction case) 
or semistable (in the semistable reduction case) projective model of X over Ok,(v)- 
Let PJ denote the projective space (over Ox,{v)) of degree d hypersurfaces in the 
ambient projective space containing X. Applying the argument in the local case 
to the base-change X/q^ , we see that for some d> 1, there is a ii'^-valued point 
of P^ corresponding to a hypersurface section of X/q^ having either smooth or 
semistable intersection (depending on the case we are in) with X^q^ . Furthermore, 
this point lies in an afhnoid open subset of P^/k^ (^'^^ preimage of an open set in 
the special fibre of PJ), all of whose points correspond to hyperplane sections of 
X/Ok with either smooth or semistable intersection. (See Remark (i) of |JS09| . 
as well as the proofs of Theorems and 1 of the same reference.) Since this afBnoid 
open contains a /ir„-point, and K is dense in Kt^, we see that it also contains a K- 
point, which gives the required hypersurface section Y . We find the hypersurface 
section Z by applying the same argument. D 

L2. Cohomology in degree 1. Our arguments in degree 1 are rather simpler 
than in general degree, so we warm up with this case. Fix a prime p. Let K denote 
a field of characteristic zero, complete with respect to a discrete valuation, with 
ring of integers Ok and residue field fc, assumed to be perfect of characteristic p. 
Let K denote an algebraic closure of K, and set Gk '■— Gd\{K / K) . 

1.2.1. Theorem. If X is a smooth projective variety over K which has good {respec- 
tively semistable) reduction, then Hl^^{X^,¥p) embeds GK-equivariantly into the re- 
duction modulo p of a Gk -invariant lattice in a crystalline (respectively semistable) 
p-adic representation of Gk whose Hodge-Tate weights are contained in [—1,0]. 

Proof. We proceed by induction on the dimension doiX. If d < 1 then Hl^ {^Ti: ^p) 
is isomorphic to the reduction modulo p of Hl^{Xj^, Zp), and the latter space (being 
torsion- free, by virtue of our assumption on d) is in turn a lattice in H^^{Xj^, Qp), 
which is crystalline (respectively semistable) with Hodge-Tate weights lying in 
[-1, 0], by the main result of |Tsu99j . 

Suppose now that d > I. It follows from Corollary (respectively Corollary 1) 
of [JS09| that if X has good reduction (respectively semistable reduction) then we 
may choose a smooth hypersurface section Y oi X defined over K which has good 
(respectively semistable) reduction. Our induction hypothesis applies to show that 
H}^{Yj^,Wp) embeds as a subobject of a G^-representation over Fp which is the re- 
duction modulo p of a G/f-invariant lattice in a crystalline (respectively semistable) 
p-adic representation of Gk whose Hodge-Tate weights are contained in [—1,0]. On 
the other hand, the weak Lefschetz Theorem with Fp-coefficients ( |Gro73| XIV 3.3]) 
implies that the natural (restriction) map H^^{Xj^,¥p) -^ H},^{Yj^,¥p) is an em- 
bedding (because 1 < d — 1 by assumption). This completes the proof. D 

1.3. Cohomology of arbitrary degree. As always we fix a prime p. The neces- 
sary devissages in this subsection will be more elaborate than in the previous one. 
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and so, to maximise the utility of our results for later applications, it will be con- 
venient to again allow K to denote either a number field or a field of characteristic 
zero that is complete with respect to a discrete valuation with perfect residue field 
of characteristic p. In applications it will also be useful to have flexibility in the 
choice of coefficients in the various cohomology spaces that we consider, and to this 
end we fix an algebraic extension E of Qp, with ring of integers Oe and residue 
field kE- (In applications, E will typically either be a finite extension of Qp, or else 
will be Qp.) 

We now recall some consequences of the weak Lefschetz Theorem. Among other 
notions, we will use the etale cohomology of a pair consisting of a variety and 
a closed subvariety; a precise definition of this cohomology, and a verification of 
its basic properties (such as those recalled in the next paragraph), is included in 
Appendix [X] 

Let AT be a smooth projective variety of dimension d over A', and suppose that 

Y and Z are two smooth hypersurface sections of A, chosen so that Y r\ Z \s also 
smooth. Let A denote either E, Oe, or fcg. In either the first or last case, the spaces 
Hl,{{X \ y)^, {Z \ y)^. A) and HI^' ((A \ Z)^, (Y \ Z)^, A) [d) are naturally 
dual to one another, for each integer i. The weak Lefschetz Theorem implies that 
the former space vanishes when i > d, and that the latter space vanishes when 
2d ~ i > d, i.e. when i < d. Thus in fact both spaces vanish unless i = d. It then 
follows that both spaces vanish unless i — d in the case when A is taken to be Oe 
as well, and hence that, when i = d, both spaces are torsion-free. 

Let K denote an algebraic closure of K, and set Gk '■= Ga.\{K/K). Now let 
p : Gk — > GL„(fc£') be irreducible and continuous. In the global case, we fix a place 

V oi K lying over p, and a decomposition group Dy C Gk for v. 

1.3.1. Theorem. If X is a smooth projective variety over K which has semistable 
{respectively good) reduction {at v, if we are in the global case), and if p embeds 
as a subquotient of Hl^{X^,kE), then p also embeds as a subquotient of a Gk- 
representation over kE which is the reduction modulo the uniformiser of a Gk- 
invariant Os-lattice in a Gk -representation which is semistable {respectively crys- 
talline) {at V, in the global case) with Hodge-Tate weights contained in the interval 

H,o]. 

Proof. We proceed by induction on the dimension of A. Suppose initially that we 
are in the semistable reduction case. By Proposition II . 1 . 2l we can and do choose 
smooth hypersurface sections Y and Z, having smooth intersection, and such that 
y, Z, and y n Z all have semistable reduction. 

We then consider the long exact sequences (cf. |Mil801 III. 1.25] for the first two, 
which are local cohomology long exact sequences, and Appendix [X] for the third, 
which is the long exact sequence of the pair (A \ y, Z \ y)) 

■ • ■ ^ /f^^,et {Xk, A) ^ HI (A^, A) ^ HI ((A \ y)^. A) ^ ■ ■ ■ , 



■ ^ ff(Vnzw,et(%, A) ^ HI{Zt^, A) ^ HI, {{Z \ y)^. A) 



—^ 



and 



HI,{{X\Y)t^,{Z\Y)t.,A) ^ HI,{{X\Y)t^,A) ^ HI{{Z\Y)t^,A) 
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with A taken to be either E or ks- We also recall (cf. Section XIV. 3 of [Gro73] ) 
that there are canonical isomorphisms Hl^'^{Y-j^,A){—l) -^ Hy_ ^^{X-i^, A) and 

Hi;'{iY nZ)T^,A)i-l) ^ Hly^,^^,^iZT^,A). 

When A = E, all the cohomology spaces that appear are potentially semistable 
[Yamllj . Since Hl^{X^,E), Hl^[Y-j^,E), and Hi^{Zj^,E) are semistable with 
Hodge-Tate weights lying in [-i, 0] , we see that Hl^ {{X\Y)j^, E) , Hl^ {{Z\Y)j^, E) , 
and Hl^[{X \ 1^)7^, {Z \ Y),E^ are semistable, with Hodge-Tate weights lying in 

H,o]. 

Now taking A — ks, we see that since p is irreducible, it appears either as a 
subquotient of Hl~'^(Y-^^kE){—^), as a subquotient of Hl^^{Z-j^,kE), as a subquo- 
tient of W-\Y n Z){-1), or else as a subquotient of Hl^{{X \ Y)j^, {Z \ Y),kE). 
In the first three cases the theorem follows by induction on the dimension. In the 
final case, the conclusion follows from the vanishing theorem noted above; namely, 
ff?j((X \ Y)-j^, {Z \ Y\ E) is the desired semistable representation, with invariant 
lattice H^X \ F)-^, {Z \ Y),Oe), whose reduction Hl^{{X \ F)^, {Z \ F), fc^) 
contains p. 

Finally, suppose that we are in the good reduction case. Again, by Proposition 
11.1.21 we can and do choose smooth hypersurface sections Y and Z, having smooth 
intersection, and such that Y, Z, and Y HZ all have good reduction. Applying the 
same argument as above, we see that it is enough to check that Hl^ ((X \ 1^)7^, {Z \ 
Y), E^ is crystalline in this case; but this follows immediately from Theorem 1.2 of 
[Yamllj . D 

1.4. Equivariant versions. In practice, we will need equivariant analogues of the 
preceding results. As in the preceding section, we let K denote either a number field 
( "the global case" ) or a field of characteristic zero that is complete with respect to 
a discrete valuation with perfect residue field of characteristic p ( "the local case" ) . 
We let K denote an algebraic closure of K, and set Gk '■= Ga\{K/K). In the global 
case, we fix a place v of K lying over p, and a decomposition group Dy C Gk for v. 

We now put ourselves in the following (somewhat elaborate) situation, which we 
call a tamely ramified sem,istable context, or a tame semistable context for short. 

We suppose that Xq and Xi are smooth projective varieties over K, that G is 
a finite group which acts on ATi, and that tt : Xi -^ ATq is a finite etale morphism 
which intertwines the given G- action on Xi with the trivial G- action on Xq, making 
Xi an etale G-torsor over Xq. 

We suppose further that Xq admits a semistable projective model Xq over Ok 
(in the local case) or over Ok,{v) (in the global case). We also suppose that there is 
a finite extension L of A', and (in the global case) a prime w oi L lying over v, such 
that (Ai)/2, admits a semistable projective model Xi over Ol (in the local case) or 
over Ol,(m,) (in the global case) to which the G-action extends, such that tt extends 
to a morphism Xi — > {Xf)) iq^^ which intertwines the G-action on its source with 
the trivial G-action on its target, and such that the action of I{L/K) (respectively 
I{L^/Ky) in the global case) on (Ai)/^, extends to an action on Xi. 

Finally (and most importantly) we assume that the composite morphism 

(1.4.1) Xi ^ {Xo)/o, ^ -^0 

(the first being the extension of tt, and the second being the natural map) is tamely 
ramified along the special fibre (A<))s, in the sense of |GM71l Def. 2.2.2]. 
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The following lemma gives a more concrete interpretation of the stipulation 
that (jl.4.ip be tamely ramified along (Ab)s- 

1.4.2. Lemma. The morphism (|1.4.ip is tamely ramified along {Xo)s ij and only if 
the following two conditions hold: 

(1) L (respectively L^ in the global case) is tamely ramified over K {respectively 
Ky in the global case), of ramification degree e, say; 

(2) For each closed geometric point xi of the special fibre (A'i)s, with image xq 
in {Xo)s, and for some choice of isomorphism 

(1.4.3) Oxa,Xo - OI^[[xi,...,Xn]]l{xi • • • X,„ -TUk), 

where vjk is a uniformiser ofO^ and 1 < m < n, there is a corresponding 
isomorphism 

&s^, - otWvi^ • ■ • : yn]]/(yi • • • 2/m - ^l), 

where vjl is a uniformiser of 0£'\, such that the induced morphism 

(■^1)^1 -^ (•^o)so 

is defined by the formula Xj = y'j for I < j < m, and Xj = yj for m < j < n. 

Furthermore, if these equivalent conditions hold, then condition (2) holds for every 
choice of isomorphism (|1.4.3|) . 

Proof. We first note that if we are in the global case, than relabelling Ky as K and 
Lyj as L, we may reduce ourselves to proving the lemma in the local case. Thus we 
assume that we in the local case from now on. 

If conditions (1) and (2) (for some choice of isomorphism (|1.4.3p ) hold, then 
the morphism (11.4.11) is certainly tamely ramified along (A'o)^. (This amounts 
to the claim that we can verify tame ramification by passing to formal comple- 
tions of closed geometric points, which is indeed the case, as follows from |GM71I 
Cor. 4.1.5].) 

Suppose conversely that (ll.4.ip is tamely ramified along {Xq)s- Since this mor- 
phism factors through the natural morphism {Xo)/Oi^ ~^ "^o, it follows from |GM7H 
Lemma 2.2.5] that this latter morphism is tamely ramified, and hence (e.g. by 
|GM7H Prop. 2.2.9], although our particular situation is much simpler than the 
general case of faithfully flat descent for tamely ramified covers considered in that 
proposition) that SpccO^ -^ Spec Ox is tamely ramified, i.e. that L is tamely 
ramified over K, of some ramification degree e. Thus condition (1) holds. 

Now choose a closed geometric point xi of (<-fi)s lying over the closed geometric 
point Xq of (Ao)s, and fix an isomorphism of the form (|1.4.3p . Since Xi — > Xq 
is tamely ramified along the divisor zuk = of Aq, Abhyankar's Lemma [GroTH 
XIILV] (see also |GM711 Thm. 2.3.2] for a concise statement) implies that we 

may find regular elements {aj}j=i,...,fc of 0|^[[a;l, . . . , a;„]]/(a;i • • • Xm — '^K) so that 

fli • • • flfe generates the ideal (wk) of C'|^[[xl, . . . , x„]]/(xi • • • Xm — ^k), exponents 
ei, . . . , Cfc all coprime to p, and a subgroup H C /iej x • • • x /igj., such that the 

0^[[a;i, . . . , Xn\]l{xi ■ ■ ■ Xm — ci7if )-algebra Ox^^Xi is isomorphic to 

{0^[[xi,. . . ,Xn]]\Tl,. . . ,Tk]/{xi ■■■Xm- WR^T^'^ -«!,.. . , T^*" - afc)) . 
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(Here^ei x- • -x^efc, and hence H, acts on C'|!^[[a:i, . . . ,Xn]\[Ti,. . . ,Tk]/{xi ■ ■ ■ Xm- 
vjk, T^^ — fti, . . . , T^'' — flfe) in the obvious manner: namely, an element (Ci, . . . , Cj.) 
acts on Tj via multiplication by Cj-) 

Since each e^ is prime to p and 0^[[xi, . . . ,x„]]/(xi • • -Xm — ''^k) is strictly 
Hcnsclian, any unit in this ring has an Cjth root, and thus we are free to multiply 
any of the ftj by a unit. Consequently, we may assume that in fact ai ■ ■ ■ ak — vjk — 
x\- ■ ■ Xrm and hence (again taking advantage of our freedom to modify the aj by 
units) that {1, . . . , to} is partitioned into k sets Ji, . . . , Jk, such that aj — YiieJ ^«- 
Now if we extract the e^th roots of each Xi for i G Jj, the resulting extension of 

OI^[[xi,. . . ,Xn]\/{xi ■■■Xm~ ^k) contaius 

0]^[[xi, . . . ,x„]][Ti, . . .,Tk]/{xi ■■■Xm- ^K,T^^ - ai, • • ■ ,T^'' - ak); 

thus it is no loss of generality to assume that k — m and that aj = Xj, and so 

we conclude that Ox^.x^ is isomorphic, as an 0|^[[xl, . . . ,x„]]/(xi • • ■ Xm — tuk)- 
algebra, to 

{0^[[xi, . . . ,Xn]][Ti, . . . ,Tm]/{xi ■■■Xm - VJ K ,T^^ - Xi , . . . , T^" ~ Xra)) , 

for some subgroup H C /iei x • ■ • x ^^^ ■ 

Let Ij denote the subgroup 1 x ■ ■ ■ x ^^ x • • • x 1 of ^ei x ■ • • x /ie^ ; this is the 
inertia group of the divisor {xj ) with respect to the cover 

SpecC'^''[[xi,...,x„]][ri,...,T„]/(xi ■■■Xyn -wk,T^^ -xi,...,T^ - Xm) 

-^ Spec 0^[[xi, . . . , Xn]]/ (xi ■■■x„i - ^k)- 

If we write Hj — H Ci Ij , then H' :— Hi x ■ ■ ■ x Hm is a subgroup of H, and the 
cover 

Spec(0|i^[[xi, . . . , x„]][Ti, . . . , T,„]/(xi • • • Xm - ^k, Tf ^ - xi, . . . , T^" - x„)) 
-^ Spec(0|i^[[xi, . . . , x„]] [Ti, . . . , r„]/(xi • • • x„-n7x, Tf ^ -xi, . . . , T^^-x^)) 

is unramificd in codimension one. Since Xi is regular, being semistable over Ol, so 
is the target of this map (since we recall that this target is isomorphic to {Xi)^^)- 
The purity of the branch locus then implies that this cover is etale, and hence is 
an isomorphism (since its target is strictly Henselian). Consequently H = H' . 
If we write 

Hj = 1 X ■ ■ ■ X fl^i, X ■ ■ ■ X 1 C 1 X ■ ■ ■ X flej X ■ • • X 1 = /j , 

and set dj — Cj/e'j and Sj =Tj' , then we conclude that 

O-xi.Xi 

= {0^[[xi, . . . ,Xn]][Ti, . . . ,Tm]/{xi ■■■Xm - W K ,T^^ -Xi,...,T^'" - Xm)) 
= <J j^ [[^Ji, . . . , Xn\\ [oi, . . . , >-'mJ/(a;i • • • Xm Ci7/f , D^ X\, . . . , o^ Xm.)- 

Now Xi is an O^-scheme with reduced special fibre (again because it is semistable 

over Ol)- Since Ox^^Xi is strictly Henselian, it contains O^, and we may choose a 
uniformiser wl of this ring such that tu^ — vok- Looking at the above description 
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of Oxi,Xi, and taking into account that its reduction modulo vul must be reduced, 
we see that this special fibre must be the zero locus of the element 5*1 ■• • Sm, hence 
that Si ■ ■ ■ Sm — uwl for some unit u, and thus that {Si ■ ■ ■ SmY = u'^vjk- We 
conclude that di — . . . — dm — e and that u^ = 1, and hence, replacing wl by 
uwl, we find that 5"! • • • Sm = '^l- This shows that (2) holds (for our given choice 
of isomorphism ( |1.4.3p l. D 

1.4.4. Remark. Note that we could avoid the appeal to the general theory of tame 
ramification (in particular, to Abhyankar's Lemma) by just directly stipulating in 
our context that conditions (1) and (2) of Lemma 11.4.21 hold: indeed, in the proof 
of Theorem 11.4.111 below, we will work directly with these conditions, and in our 
applications to Shimura varieties, we will also see directly that these conditions 
hold. Nevertheless, we have included Lemma 11.4.21 as an assurance to ourselves 
(and perhaps to the reader) that these conditions are somewhat natural. 

We now suppose that we are in a tame semistable context, as described above, 
and we let {Dj}j^j denote the set of irreducible components of the special fibre 
{Xi)s- Suppose for a moment that we are in the local case, and let Ij C I{L/K) x G 
denote the inertia subgroup of Dj for the tamely ramified cover (|1.4.ip . 

1.4.5. Corollary. Each inertia group Ij maps isomorphically onto I{L/K) under 
the projection onto the first factor I(L/K) x G -^ I{L/K). 

Proof. This follows from Lemma fl. 4. 21 applied to a closed geometric point Xi of Dj 
lying in the smooth locus of {Xi)s- □ 

It follows from the Corollary (|1.4.5I) that the composite 

G^lxG^ I{L/K) X G ^ {I{L/K) x G)/Ij 

is an isomorphism; we denote it by lj, and denote by ipj : I{L/K) — ^ G the 
composite 

-1 
I{L/K) = I{L/K) X 1 ^ I{L/K) xG^ {l{L/K) x G)/Ij ^ G. 

By construction, the action of I{L/K) on Dj is described by composing the action 
of G with the character ipj . 

If we now suppose that we are in the global case, then the discussion applies with 
L/K everywhere replaced by L^/Ky, and in particular we may define characters 
tpj : I{Lw/Ky) — )■ G describing the action of I{L^/Ky) on the components Dj. 

Our next result describes how our tame semistable context behaves upon passage 
to a semistable hypersurface section of Xq . In its statement we assume for simplicity 
that we are in the local case. 

1.4.6. Proposition. Suppose that we are in the tamely ramified semistable context 
described above, let 3^o be a regular hypersurface section of Xq such that the union 
of 3^0 o.nd {Xq)s forms a divisor with normal crossings on Xq, let Yi denote the 
preimage of Yq under the morphism tt : Xi — >■ Xq , and let J^i be the preimage of 3^o 
under ()1.4.ip {so that {Yi)/]^ is the generic fibre of the OL-scheme yi). 

(1) The complement of Yi in Xi is affine. 

(2) The generic fibre Yq of 3^o *s smooth over K , the morphism Yi — >■ Fq is an 
etale G-torsor {so in particular Yi is also smooth over K), J^o 'is a semistable 
model of Yq over Ok, Vi is a semistable model for {Yi)/]^ over Ol, and 
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the morphism 3^i -^ 3^o "is tamely ramified; consequently 3^i — > 3^o is again 
a tamely ramified semistable context. 
(3) If D' is an irreducible component of (yi)s, contained in an irreducible com- 
ponent Dj of {Xi)s, then the homomorphism ipj : I(L/K) -^ G, which 
describes the action of I{L/K) on Dj, also describes the action of I{L/ K) 
onD'. 

Proof. Since y^ is a hypersurface section of A^, its generic fibre lo is a hypersurface 
section of X^. Thus its complement is affine. Since tt is a finite morphism by 
assumption, the complement of Yi in Xi is again affine. Since Yq is a, regular 
projective iiT-scheme (being the generic fibre of 3^0i which is regular by assumption), 
it is in fact smooth over K. By definition Yi is the preimage of Yo under the 
morphism Xi —5- X^, which is an etale G-torsor by assumption. Thus Yi — > Yq is 
indeed an etale G-torsor (and so Yi is also smooth over K). 

Let xq be a closed geometric point of the special fibre (3^o)s- Since (^o)^os ^ 
{yo)xo forms a divisor with normal crossings, since each component of ((Ao)^^)^ is 
regular, and since J^o is regular by assumption, it follows from JGM711 Lem. 1.8.4] 
that ((Ao)^o)s U (3^0)^0 is in f^-^t a divisor with strictly normal crossings in (Ao)^^, 
and hence the local equation (. of (3^o)so ' together with the elements xi , . . . , Xm that 
cut out the irreducible components of ((Ab)a(,)s, form part of a regular system of 
parameters for O^o^Xo- Thus we may choose a model of the form (|1.4.3|) for {Xo)xo 

for which ni < n and in which £ is equal to the element a;„; i.e. in which (3^o)so is 
the zero locus of the element a;„. 

We now choose a closed geometric point xi of {Xi)s lying over xq, as well as 

a model for the tamely ramified morphism {Xi)^^ — > {Xq)^^ as in part (2) of 
Lemma ll.4.21 Thus this morphism has the form 

SpecO£^[[yi,...,2/„]]/(yi •••y™ -tul) -^ SpecC'|!'[[a;i, . . . ,x„]]/(a;i •••a;„i -tu^), 

with Xj ~ y'j for I < j < m, and Xj = yj for m < j < n. In particular, we see that 
Xn = yn, and thus we see that the induced morphism 

(1-4.7) (3^, ^ (>bk 

can be written as 

(1.4.8) Spec Ot[[yi, ..., yn~i]]/{yi ■■■ym- ^l) 

-)■ SpecC'£''[[xi,...,2;„_i]]/(a;i ...Xm - w^)- 

Thus we see that 3^o and J^i are indeed semistable models of their generic fibres 
(over Ok and Ol respectively), and that the morphism [Vi -^ yo is tamely ramified. 
This completes the verification of (2). The claim of (3) follows immediately from a 
consideration of the explicit model (|1.4.8|) of the morphism (|1.4.7p . D 

We now suppose that E is an algebraic extension of Qp containing Kq. Recall 
that if p : Gk -^ GL„(£') is a potentially semistable representation, then we may 
attach a Weil-Deligne representation WD(p) to p by first passing to the potentially 
semistable Dieudonne module Dpst{p) of p, which is a module over E (g)Q Kq., then 
fixing an embedding Kq ^^ E, and hence a projection pr : E ^^^ Kg — >■ E, and, 
finally, forming WD(p) := E ®E0q Ko,pi -Dpst- (See for example Appendix B of 
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[CDT99] for a detailed discussion of this construction.) Although WD(p) depends 
on the choice of the embedding Kq ^-> E, up to isomorphism it is independent of 
this choice. 

The following result will allow us to describe the inertial part of the Weil-Deligne 
representation associated to the p-adic etale cohomology of Xi, or of a pair {Xi, Yi) 
that arises in the context of the preceding proposition. 

1.4.9. Proposition. Either let W denote the Weil-Deligne representation associ- 
ated to the potentially semistable Gk -representation Hl^(^{Xi),-i^,E), or else sup- 
pose that we are in the context of Proposition 11.4.61 and let W denote the Weil- 
Deligne representation associated to the potentially semistable Gk -representation 
Hl^({Xi),j^,(Yi),-i^),E) {here i is some given degree of cohomology); in either 
case W is a representation of the product G x WDj^ . 

Then, if we let j run over the index set that labels the irreducible components Dj 
of {Xi)s, we may decompose W as a direct sum W — ^ Wj , such that on Wj, the 
action of the inertia group in Wk is obtained by composing the G-action on Wj 

with the homomorphism Ij^ — > I{L/ K) — ^ G. 

Proof. Since the action of the inertia subgroup of W/<- on W factors through a 
finite group, and representations of a finite group over a field of characteristic 
zero are semisimple, the claimed property of W is stable under the formation of 
subobjects, quotients, and extensions (in the category of G x Wi^:-representations). 
A consideration of the long exact sequence of cohomology associated to the pair 
(ATi, Yi) (cf. Appendix IX)) then reduces the claim for the cohomology of the pair 
to the claim for the cohomology of Xi and Yi individually. Since Proposition II .4.61 
shows that the semistable model 3^i of (yi)/L behaves in an identical manner to 
the semistable model of Xi of (Xi)/^, it in fact suffices to consider the case of Xi. 
Thus we now restrict our attention to the Wi<--representation W underlying 
the potentially semistable Dieudonne module associated to i/5^((Xi) ,;^, £'). By 
|Tsu99] this Dieudonne module is naturally identified with the log-crystalline co- 
homology H^{f^Xi)^ /W{k)^^ ®w{k) E of the special fibre {Xi)s with its natural 
log-structure. Let J denote the indexing set for the Dj. Then this log-crystalline 
cohomology may be computed by the following spectral sequence of |Mok93| : 



^-™,.+™ ^ ^.-2/^™(^^.^^. . .f,D,,,^^^jW{k))®w^^^E{~l-m) 



l>max{0,-m} 
Hi i^l + m+l's'^-' 



H\{X^)^/W{kY)®w(k)E. 



Since the action of I{L/K) on the component Dj is given by the composite of 
the action of G with tpj, we see that the i?i-terms of this spectral sequence satisfy 
the claimed property of W. Thus W also satisfies this property, since it is obtained 
as a successive extension of subquotients of these i^i-ternis. D 

We are now ready to prove our equivariant versions of Theorems 11.2.11 and 11.3.11 
For the first result, we place ourselves in the local case (since the global case im- 
mediately reduces to the local case by passing from K to Ky). 
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1.4.10. Theorem. Suppose that we are in the tamely ramified semistable context 
described above. Then the G x Gk -representation H^^[{Xi)-i^,¥p) embeds G x Gk- 
equivariantly into the reduction modulo the uniformiser of a G x Gx-invariant Oe- 
lattice in a representation V of G x Gk over E, having the following properties: 

(1) the restriction ofV to Gl is semistable, with Hodge-Tate weights contained 
in the interval [—1,0]; 

(2) The Weil-Deligne representation associated to V , which is naturally a rep- 
resentation of G xWDji, when restricted to a representation ofGxIx, can 
be written as a direct sum ^ Wj of G x I x -representations, where j runs 
over the same index set that labels the irreducible components Dj of(Xi)s, 
such that on Wj , the action of the inertia group is obtained by composing 

the G-action on Wj with the homomorphism Ik -^ I{L/ K) — ^ G. 

Proof. We follow the proof of Theorem ll.2.1[ proceeding by descending induction 
on the dimension of Xq and Xi , and passing to appropriately chosen hypersurface 
sections y^ of Xq, and their corresponding preimages Yi in Xi and 3^i in (A'l)/^. 
Taking into account Proposition 11.4.61 we thus reduce to the case when Xq and 
Xi are curves, so that iJj^ (^{Xi),-^^, Fp) is the reduction mod p of H^^ (^{Xi),-j^, Zp) , 
which is in turn a lattice in iJ|j((Xi) y;^, Qp). This latter representation is poten- 
tially semistable with Hodge-Tate weights in [—1,0], by |Tsu99| : the claim regarding 
Weil-Deligne representations follows from Proposition 11.4.91 D 

For our second result, we allow ourselves to be in either one of the local or global 
contexts. 

1.4.11. Theorem. Suppose that we are in the tamely ramified semistable context 
described above, and let p : G x Gk — ^ GL„(fc£;) be an irreducible and continuous 
representation that embeds as a subquotient of Hl^(y{Xi)^, kE) ■ Then p also embeds 
as a subquotient of a G x G k -fepi"esentation over kE which is the reduction modulo 
the uniformiser of a G x G k -invariant Oe -lattice in a representation V of G x Gk 
over E, having the following properties: 

(1) the representation V becomes semistable when restricted to Gl {respectively 
to the decomposition group D^ C Gl in the global case), with Hodge-Tate 
weights contained in the interval [— i,0]; 

(2) The Weil-Deligne representation associated to V , which is naturally a rep- 
resentation ofGxWDK (respectively o/Gx WD/^-^ in the global case), when 
restricted to a representation of GxIk [respectively ofGxIn^ in the global 
case), can be written as a direct sum ^ Wj of G x Ik -representations {re- 
spectively of G X Ik^ -representations) , where j runs over the same index set 
that labels the irreducible components Dj of{Xi)s, such that on Wj, the ac- 
tion of the inertia group is obtained by composing the G-action on Wj with 

the homomorphism Ik — > I{L/K) — ^ G (respectively the homomorphism 

lb ■ 

If] -^ I{Ly^/Ky) — ^ G in the global case). 

Proof. We can be proved in exactly the same way as Theorem 11.3.11 taking into 
account Propositions 11.4.51 and Proposition 11.4.91 D 
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2. BREUIL modules with DESCENT DATA 

In this section we establish a resuh (Theorem 12.2.41 below) which imposes some 
constraints on the reductions of certain tamely potentially semistable p-adic repre- 
sentations of Gqp . 

2.1. Preliminaries. We begin by recalling a variety of results from Section 3 
of |EGHllj . To this end, let p be an odd prime, let Q^ be a fixed algebraic closure 
of Qp, and let E and K be finite extensions of Qp inside Qp. Assume that E con- 
tains the images of all embeddings K ^^ 1^^. Let K{) be the maximal absolutely 
unramified subfield of K, so that Kq — W(k)[l/p\, where k is the residue field of 
K. Let K/K' be a Galois extension, with K' a field lying between Qp and K. As- 
sume further that K/K' is tamely ramified with ramification index e{K/K'), and 
fix a uniformiser tt G K with tt'^^^^^ ) g K' . Let E{u) G VK(fc)[w] be the minimal 
polynomial of tt over Kq. 

Let kE be the residue field of E, and let < r < p — 2 be an integer. Recall that 
the category fc^j-BrModJj^j of Breuil modules of weight r with descent data from K 
to K' and coefficients ks consists of quintuples {M,Mr,fr,g,N) where: 

• A^ is a finitely generated {k (^r kE)[u\ / u'^P-module, free over k[u\/u'^P. 

• Mr is a (fc CSiWp fcB)[w]/u'^^-submodule of M containing u'^^M. 

• ifr '■ Air ^>- M is fc£;-linear and i^j-semilinear (where (p : k[u]/u'^^ — >■ k[u]/u'^'^ 
is the p-th power map) with image generating A4 as a (fc (Sf kE)[u]/u'^^- 
module. 

• N : A4 -^ M is k ^r fc^-linear and satisfies N{ux) — uN{x) — ux for all 
X £ M, u^N{Mr) C Mr, and (pr{u''N{x)) = cN{(pr{x)) for ah x e Mr- 
Here, c = F{u)p £ (fc[M]/u«P)^, where £'(u) = u" +pF{u) in P^(fc)[u]. 

• ^ : A^ — >■ A^ are additive bijections for each g £ Ga\{K/ K'), preserving 
Mr, commuting with the Lpr- and A^-actions, and satisfying gi o 92 — gi ° 92 
for all 51,52 G Gal(A'/A''). Furthermore, if a e k (^r kE, m £ M then 
g{au'm) = 5(a)((g(7r)/7r)* ® l)u'g{m). 

There is a covariant functor T^^*^ from fc^-BrModJ^^j to the category of fc^-repre- 
sentations of Gk' ■ 

2.1.1. Lemma. Suppose that M £ fc^j-BrMod^^, and that T' is a GK'-suhrepre- 
sentation of T*|:^(A^) {so that in particular T' has the structure of a kE-vector 
space). Then there is a unique subobject M' of M such that if f : M' -^ M is the 
inclusion map, then T*^ [f) is identified with the inclusion T' =— > Tg^^[M). {Here 
M' is a subobject of M in the naive sense that it is a sub-{k[u]/u'^P (E)w kE)-module 
of M, which inherits the structure of an object of fc^j-BrMod^^j from M in the 
obvious way.) 

Proof. This is Corohary 3.2.9 of |EGH11] . D 

We now specialise to the particular situation of interest to us in this paper, 
namely we let Kq be the unique unramified extension of Qp of degree d, we take 
K = Ka{{-p)^^(p''-^y), and we set K' = Kq. Fix tt = {~p)^/'^P''-^\ We write 
ujd ■ Gal(Ar/Aro) — ^ Kq for the character g 1-^ g{TT)/iT, and we let ujd be the 
reduction of uid modulo tt. (By infiation we can also think of uid and uJd as characters 
of Iko = ^Q„ • Note that w^ is a tame fundamental character of niveau d and that 
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ujd is the Teichmiiller lift oi Ud-) Note that when d = 1, we have uji — u, the mod 
p cyclotomic character. 

Let ip be the arithmetic Frobenius on k, and let ctq : fc ^^ fc^; be a fixed embed- 
ding. Inductively define cri, . . . , Od-i by cTi+i =17^0 Lp^^] we will often consider the 
numbering to be cyclic, so that (Jd — <JQ. There are idempotents e; G A: (g)F ks such 
that if M is any k 0^ /ce-module, then M = 0^ e^M, and e^M is the subset of 
M consisting of elements m for which [x ® l)m = {1® ai{x))m for all a; G fc. Note 
that {ip (g) l)(ei) = Ci+i for all i. 

If /9 : Gkq — !► GL„ (i!^) is a potentially semistable representation which becomes 
semistable over K, then the associated inertial type (that is, the restriction to 
Ikq of the Weil-Deligne representation associated to p) is a representation of Ikq 
which becomes trivial when restricted to Ik, so we can and do think of it as a 
representation of Ga.\{K/KQ) = Ikq/Ik- 

2.1.2. Proposition. Maintaining our current assumptions on K, suppose that 
p : Gko ~^ Ghn{E) is a continuous representation whose restriction to Gk is 
semistable with Hodge-Tate weights contained in [0,r], with r < p ~ 2, and let the 
inertial type of p 6e xi © ' " ' © Xn, where each Xi is a character of Ikq/Ik- If 
p denotes the reduction modulo ms of a GKo-stahle OE-lo-ttice in p, then there is 
an element M of fc^-BrMod^j, admitting a {k[u]/u'^^ ®f kE)-basis ui, . . . , w„ such 
that g{vi) = (1 O Xi{9))vi for all g G G&\(K/Ka), and for which T*^{M.) = p. 

Proof. This is Proposition 3.3.1 of |EGH11] . (Note that the conventions on the sign 
of the Hodge-Tate weights in [EGHllj are the opposite of the conventions in this 
paper.) D 

2.1.3. Lemma. Maintain our current assumptions on K , so that in particular we 
have e — p'^ — 1. Then every rank one object 0/ fc^-BrMod^j may be written in the 
form: 

• M = {{k ®v,kE)\u]/u^P) ■ m, 

• 'Pr{J2iZa u^^Bim) = Am for some A G (/c ®Wp ks)^ , 

• g{m) = {J2iZo i^dig)'"' <S) l)ei)m for all g G Gal{K/Ko), and 

• N(m) = 0. 

Here the integers < r^ < er and ki satisfy ki = p(fci-i + ?'i-i) (mod e) for 
alii. Conversely, any module A4 of this form is a rank one object 0/ fc^; -BrMod^j . 
Furthermore, 

where kq = ko + p{rop'^^^ + rip'^^^ + ■ ■ ■ + rd-i)/{p'^ — 1) mod e. 

Proof This is Lemma 3.3.2 of [EGHllj . D 

2.2. Regularity. Let Qp>. denote the unique unramificd extension of Qp of de- 
gree n, with residue field F^™. Regarding Fpn as a subfield of Fp, we may then 
regard w„ as a character /q^ -^ Fp . 

2.2.1. Definition. Lefp : Gq^ — > GL„(Fp) be an irreducible representation, so that 
J) = Ind-Q J X for some character x ■ Gq^ ^ Fp . // we write 



Alio,, n 
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where each ai G [0,p— 1] and not all the ai ~ p~l, then the multiset of exponents 
of]) is defined to be the multiset of residues of the ai in "L/pL. 

2.2.2. Definition. Lefp : Gq — > GL„(Fp) be a representation. Then the multiset 
of exponents o/p is the union of the mutlisets of exponents of each of the Jordan- 
Holder factors ofjj. 

2.2.3. Definition. Lefp : Gq^ — >■ GL„(Fp) be a representation, and let r be a non- 
negative integer. Then we say that p is r-regular if the exponents ai, . . . ,a„ o/p 
are such that the residues a.i + k E Z/pZ, I < i < n, < k < r + I, are pairwise 
distinct. 

The following theorem is the main result we will need from explicit p-adic Hodge 
theory. 

2.2.4. Theorem. Let s : Gq^ — > GL„i(Q„) be a potentially semistable represen- 
tation with Hodge-Tate weights contained in [0,r\ and inertial type Xi ® ' ' ' ® Xn- 
Suppose that there are (not necessarily distinct) integers < Oi, . . . , a„ < p — 1 
such that each Xi is equal to some u)""^ . 

Suppose that p : Gq^ -^ GL„(Fp) is a subrepresentation of the reduction mod 
mo- of some Gq -stable Zip-lattice in s. Suppose also that 

• detp|/^j^ ^^ai + ...+a„+«(n-l)/2^ 

• r < {n — l)/2, and 

• p> n{n- l)/2+ 1. 

If r = (n — l)/2 then assume further that some irreducible subquotient of p has 
dimension greater than one. Then p is not r-regular. 

Proof. Modifying the choice of Zp-lattice if necessary, it sufHces to treat the case 
that p is semisimple. Let p' = Indg^'' x be an irreducible subrepresentation of p. 

Take K' ~ Kq ~ Qpd in the above notation, so that e — p"^ — 1. Taking E to be 
sufficiently large so that s is defined over E and p is defined over ks, and applying 
Proposition 12 . 1 . 2] to s|gq , we see that there is an element A4 of /cfi-BrModj^ with 

such that M has a (fc[u]/M^P(8)FpfcB)-basis vi,. . . ,Vm such that g{vi) = (l®Xj(g))i'i 
for all g G Gsi\{K / Kq) . Since s\Gq contains a subrepresentation isomorphic to 

X, we see from Lemma 12.1.11 that there is a rank one subobject Af oi Ai with 

Since N /uN embeds into AA/uM (as A/" is a free fc[M]/u'^P-submodule of the 
free fc[w]/u'^^-module AA), we see from Lemma 12.1.31 and our assumption on the 
characters Xi that we may write Af in the form 

• M={{k ®v, fc£)M/u(p'-i)P) • m, 

• CiNr — U^^eiN, 

• <y5r(X]i=o u'''eim) ~ \m for some A G (A: ®r^ ks)^ , 

• 9im) = (EtoiMg)''' » l)e»)™ for ah g G Gal(i^/i^o), and 

• N{m) = 0. 

Here the integers < n < {p'^ — l)r and ki satisfy ki = p(ki-i + r^-i) (mod p'^ — 1) 
for all i, and each ki is equal to some (1 + p + • • • + p'^^^juj. (The conditions 
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on the Ti come from Lemma 12.1.31 and the fact that each ki is equal to some 
(1 +p + • • • +p^^^^)aj comes from the fact that A/" is a submodule of A^, which has 
a basis ui, . . . , u„ such that g(vi) = (1 <8) Xi(5))^i: ^-nd the assumption that each Xi 
is equal to some w^J .) Writing ki = [1 + p + ■ ■ ■ + p'^~^)xi, < Xi < p — 1, we see 
that we can write r^ = (1 +p+ ■ ■ ■ +p'^^^){xi+i — Xi) +yi{p'^ — 1), with < yi < r. 
By Lemma [2. 1.31 we see that 

Since r < p — 2 we have < yi < p — 2, and we conclude (after allowing for 
"carrying") that each exponent of p is of the form Uj + k, with < A; < r + 1. 

Suppose that p is r-regular. It must then be the case that the Xi as above are 
all distinct. Applying this analysis to each irreducible subrepresentation of p, we 
conclude that the Oi are all distinct. Since we have det(p') I /g _ ^i+p-i---i-p |^^ _ 
^ixo+yo)+-+{'^d-i+yi-i) ^ ^e conclude that detp|7,j^ = ^a,+-+a,,+y f^j. ^^^^ q < 
y < nr < n{n — l)/2. The assumption on detp then implies that y = n{n — l)/2 
(mod p — 1). If in fact r < {n — l)/2 then we have < y < n{n — l)/2, which 
contradicts the assumption that p > n{n — l)/2 + 1. 

It remains to treat the case that r = (n — l)/2, in which case we may assume (by 
the additional hypothesis that we have assumed in this case) that the representation 
p' above has dimension d > 1. By the above analysis we must have y = n(n — l)/2, 
so that each yi — r. Since we have r.^ < (p'^ — l)r, we must have Xi+i — Xi < for 
each i, so that in fact xq ^ xi ^ ■ ■ ■ ~ Xd-i, a contradiction (as we already showed 
that the Xi are distinct). D 

3. The cohomology of Shimura varieties 

3.1. The semistable reduction of certain U{n — 1, 1)-Shiniura varieties. Fix 

n > 2, and fix an odd prime piQ We now recall the definitions of the U{n — 1, 1)- 
Shimura varieties with which we will work, and some associated integral models. 
For simplicity we work over Q (or rather an imaginary quadratic extension of Q) 
rather than over a general totally real field. 

For the most part we will follow Section 3 of JHRIO] (which uses a similar ap- 
proach to |HT02] ). with the occasional reference to |HT01j . Fix an imaginary 
quadratic field F in which the prime p splits, say {p) = pp for some choice of p, let 
X t-^x he the nontrivial automorphism of F, and regard F as a subfield of C via a 
fixed embedding F ^^ C 

Let _D be a division algebra over F of dimension n^ , and let * be an involution 
of D of the second kind (that is, *\p is nontrivial). Assume that D splits at p (and 
hence at p), and fix an isomorphism Dp = Af„(Qp) with the property that under 
the induced isomorphism 

D®Qp = M„iQp)xMniQprP, 

the involution * corresponds to {X,Y) i-J> (F*,X*). 
Let G/Q he the algebraic group whose i?-points are 

G{R) = {xe {D(SqR)''\x-x* ei?^} 



The reason for assuming that the prime p is odd is that below we will want to apply the 
discussion and results of Subsection [2] in which this assumption was made. 
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for any Q-algebra R. Thus our fixed isomorphism Dp = A/„(Qp) induces an iso- 
morphism G xq Qp ~ GL„ X Gm- 

Now let ho : <C ^- Dr be an R-algebra homomorphism with the properties that 
ho{z)* = ho{z) and the involution x t-^ ho{i)~-^x*ho{i) is positive. Let B — D°p and 
let V^ = _D, which we consider as a free left i?- module of rank one by multiplication 
on the right. Then EndB(y) = D, and one can find an element ^ e _D^ with the 
properties that ^* = —£, and such that the involution i oi B defined by x' = ^a;*^~^ 
is positive (that is, ii B/'iiixx'') > for all nonzero x) (see Section 1.7 of |HT01| or 
Section 5.2 of |Hai05| for the existence of such a £,). 

We have an alternating pairing ip{-,-) : D x D ^ Q defined by il^{x,y) = 
tr£)/Q(x^y*), and one sees easily that ip{bx,y) — ■^'(x^h'-y), and that ^{■,ho{i)-) 
is either positive- or negative-definite. After possibly replacing ^ by — ^, we can 
and do assume that it is positive-definite. 

It is easy to see that one has 

G(R)-GU(p,g) 

for some p, q with p + q — n. We impose the additional assumption that in 
fact {p, q] = {n~ 1, 1}. Note that by Lemma L7.1 of [HTOl] one can find division 
algebras D for which this holds. We say that a compact open subgroup K C G(A°°) 
(respectively K^ C G{M''°")) is sufficiently small if for some prime q (respectively 
some prime q ^ p) the projection of K (respectively Rp) to G(Qg) contains no 
element of finite order other than 1. If 7^ is sufficiently small, we may consider 
the Shimura variety 5'/i(G, /lol^x j ^)- It has a canonical model over F, which we 
denote by X{K) (note that if n > 2 the refiex field is F, while if n = 2 the reflex 
field is Q, and we let X{K) denote the base-change of the canonical model from Q 
toF). 

We say that a compact open subgroup K of G{A) is of level dividing N, for 
some integer A'' > 1, if for all primes I \ N we can write K — KiK^ , where Ki 
is a hyperspecial maximal compact subgroup of G(Q/) and K^ is a compact open 
subgroup of G(A°°''). (Note then that in fact K — K^q x H/tAr ^u ^'^^ some compact 
open subgroup Kjq of Hiiw ^(Qi)-) If ^ is of level dividing iV, then we similarly 
refer to X[K) as a U{n — 1, 1)-Shimura variety of level dividing N . 

We will now define integral models of these Shimura varieties for two specific 
kinds of level structure. We begin by introducing notation related to the level 
structures in question. 

We write Iq for the Iwahori subgroup of GL„(Qp) x Q^ ; namely, /q is the sub- 
group of GL„(Zp) X Zp consisting of elements whose first factor lies in the usual 
Iwahori subgroup of matrices which are upper triangular mod p. We write /i to 
denote the pro-p-Iwahori subgroup of GL„(Qp) x Q^ ; namely, /i is the (unique) 
pro-p Sylow subgroup of Iq, and consists of those elements of GL„(Zp) x Zp whose 
first factor is upper triangular unipotent mod p, and whose second factor is con- 
gruent to 1 mod p. We write /^ to denote the subgroup of Iq consisting of matrices 
in GL„(Zp) X Zp whose first factor is upper triangular unipotent mod p. 

There is a natural isomorphism Z^ = Fp x (1 -|-pZp), and this induces a natural 
isomorphism I'^ =¥p x Ii. If we let T denote the diagonal torus in GL„ , then there 
is also a natural isomorphism Iq = T{¥p) x I'^. 

We will define integral models for X{IqKP) and X{I^KP) over the local rings 
Oi? (p) and Cf(c -i),(f) respectively, where Cp-i denotes a primitive (p — l)st root 
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of unity, and v is some fixed place in F{C,p-i) above p; here K^ is a sufficiently 
small compact open subgroup of G{A°°'P), and we consider /q and /j* as subgroups 
of G{Qp) = GL„(Qp) X Q^. We will typically not include Rp in the notation, 
and we wiU write Xq{p), Xi{p) for our integral models of Xq{p) := X{IqKP) and 
Xi{p) := X{I*KP) respectively. 

3.1.1. Remark. Note that in JHRIO) . (HT02], and |HT01| . the authors work over 1p, 
but we follow [Kot92 in working over Oi? rp), so as to satisfy the hypothesis required 
to be in the global case of Section [1] The appearance of C(p-i) in the ring of defi- 
nition of Xi [p) is a consequence of our use of Oort-Tate theory in the definition of 
the integral model in this case. 

In order to define these integral models, we firstly recall a certain category of 
abelian schemes (up to isogeny) with polarisations and endomorphisms. Let Ob be 
the unique maximal Z(p)-order in B which under our fixed identification BiS)qQp = 
Mn{Qp) X M„(Qp)°P is identified with M„(Zp) x M„(Zp)°P. Let ^ be a Of,(p)- 
scheme, and let AVs be the category whose objects are pairs {A,i), where A is 
an abelian scheme over S of dimension n^, and i : Ob -^ Ends (A) 'S> "^(p) is a 
homomorphism. We define homomorphisms in AVof, by 

Hom((Ai, ii), (^2,^2)) = Homoe ((^1, ii), (^2, «2)) ® ^(p) 

(that is, the elements of Hova.s{Ai^ A2) ® "^(p) which commute with the action 
of Ob)- The dual of an object (A, i) of AVof.^^^-, is {A^ ,i^), where A^ is the dual 
abelian scheme of A, and i^ {b) — {i{b'')Y . A polarisation of {A,i) is a homo- 
morphism (A, j) — )> (A^, j^) which is a Z(p)-multiple of a polarisation of A, and a 
principal polarisation is defined in the same way. A Q-class of polarisations is an 
equivalence class of homomorphisms {A^i) — ^ (A^, i^) which contains a polarisa- 
tion, under the equivalence relation "difi^ering by a Q^ -scalar locally on S"'. We 
define a Q-class of principal polarisations in the same way. 

Fix RP a sufficiently small open compact subgroup of G{K°°^p). Let ^0 be 
the functor Sch lOp i^) -^ Sets which sends a scheme S over C'f,(p) to the set of 
isomorphism classes of the following data. 

• A commutative diagram of morphisms in the category AVop ,„■. of the form 

. ao . ai an-2 a„-i 
Aq s- Ai s ^ An-1 ^ ^0 



Ao 



'■ 



Ai 



A„-i 



• 



J ao J ai an-2 j a„-i j 
Aq s- Ai s ^ An-1 ^ ^0 

where each ai is an isogeny of degree p^", and their composite is just 
multiplication by p. In addition, Aq is a Q-class of principal polarisations. 
Furthermore, we require that each Ai satisfies the usual Kottwitz condition 
that 

n—l 

char(i(a;)|Lie Ai) = char(x) • char(x) 

for all X G Ob, where char(a;) G Op ® Zp[T] is the reduced characteristic 
polynomial of x. 
An isomorphism 

7j: V^®qAP'°° ^^>iJl(Ao,AP^°°) (mod X^) 
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which is Os-linear, and up to a constant in (AP'°°)^ takes the i/j-pairing 
on the left hand side to the Ao-Weil pairing on the right hand side. 
An isomorphism of this data is one induced by isomorphisms in AVop which 
preserve the Xt up to an overall Q^-scalar. 

The functor Aq is represented by a projective scheme Xo{p) over Of,(p) (see page 
391 of |Kot92] for quasi-projectivity, and page 109 of [HTOlj for properness), which 
is an integral model for X{IqKP). 

Our next goal is to describe an integral model Xi{p), over Op(^Q -O.Cf)! ^^r 
X{I^KP). Recalling that T denotes the diagonal torus in GL„, we let li : Gm — > T 
denote the embedding of tori identifying Gm with the subgroup of T consisting of 
elements which are 1 away from the «th diagonal entry. We use the same notation 
li to denote the map F^ — >• T{Fp) induced by the map of tori. 

The quotient lo/I* is naturally identified with T(Fp), and so T(Wp) acts on 
Xi{p), with quotient isomorphic to Xo{p). 

The scheme Xo{p) over SpecCi;'^(p) classifies chains C of p-isogenies of abehan 
varieties (with additional structure as specified above) 

whose composite is equal to multiplication by p. 

We let OT denote the Artin stack over C_F(Cp-i),(u) given by 

OT := [Spec Oi.(c,_i).(-) [^' Y]/iXY - Wp)/G„,] , 
where G™ acts via A • {X, Y) = {X^^^X, X^^^Y), and Wp is some explicit element of 
Cf(c -i),(«) of valuation one. Oort-Tate theory shows that OT classifies finite fiat 
group schemes of order p over 0_f(c _i),(t))-schemes. The universal group scheme 
over OT is the stack 

g := [Spec Oi.(c,_i).(«) [^' ^' Z]/{XY - Wp, Z^ - XZ)IG^\ , 
where Gm acts on X and Y as above, and on Z via X ■ Z = XZ . The morphism 
Q -^ OT is the evident one, the zero section of Q is cut out by the equation Z = 0, 
and we let Q^ denote the closed subscheme of G cut out by the equation Zp~^ — X; 
it is the so-called scheme of generators of Q. 
We define Xi [p) via the Cartesian diagram 

(3-1-2) X,{p) (?x xo,<,^_^„., • • • xo,,,^_^,,<,, G- 



'Vo(p)/o^(,^_^,,(,, ^ OT ^o^^,^_^■,,^^■, ■ ■ ■ XOp(,^_^,,(., OT, 

where the bottom horizontal arrow is given by 

C (-> (ker(ao),...,ker(a„_i)). 

The action of T{¥p) on Xi{p) extends to an action on Xi{p)^ namely the action 
pulled back from the action of Ti¥p) on Q'^ ^Op^^ , („, • • • ^o^,^ _ , ^^^ G^ over 
OTxo^(^^_^,,(„, ••• xo^(,^_^,.(„, OT. 

Let TT := {—py^^P~-^\ and let w be the unique finite place of L := F{(p^i,tt) 
lying over our fixed place v of F(^p_i). We let O denote the localization of Ol 
at w, and let Ow denote the completion of O (which may be naturally identified 
with the ring of integers in Qp(7r)). We let Xi{p)o denote the normalisation of 
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the base-change Xi{p)/o of Xi{p) over O. We write / := Gal(L/F(Cp_i)); this is 
also the inertia group at w in Gal(L/i^). The group / acts naturaUy on Xi{p)o- 
The mod p cyclotomic character cj induces an isomorphism (which we continue to 
denote by uj) 

For each i ~ Q, . . . ,n — 1, we let tpi : I ^i- T denote the composite li o uj~^. 

3.1.3. Lemma. The scheme Xi{p)q is a semistahle projective model for Xi(p)/l 
over O, the natural morphism 

(3.1.4) Mp)o^Mp) 

is tamely ramified, and the action of T x I on ^i(p)/l extends to an action on 
Xi{p)o- Furthermore, on each component of its special fibre, the inertia group acts 
through the composite of the T -action with one of the characters ipi. 

Proof. We will apply a form of Deligne's homogeneity principle, as described in the 
proof of [TY071 Prop. 3.4], to the morphism p.l.4p . The scheme here denoted Ao(p) 
is there denoted Xjj (and the integral model there is considered over Zp rather 
than Of.(p), but this is immaterial for our present purposes), while the scheme 
there denoted Xjjg is an integral model of the Shimura variety (in the notation of 
the present paper) X(KpKP), where Kp = GL„(Zp) x Z^. We let A:b(p)i''' (for 
0</i<n— 1) denote the locally closed subset of the special fibre A'o(p)s, obtained 
by pulling back the locally closed subset Xjj^ defined in section 3 of |TY07| under 
the natural projection Xq{p)s = Xjj -^ Xuq- 

We will show that the morphism p.l.4[) is tamely ramified in the formal neigh- 
bourhood of any closed geometric point of the special fibre ^"0(^)8, and hence 
(by Lemma 11.4. 2p that is tamely ramified. We first note that the morphism 
Xq{p)/q^. ) („) ~^ Xq(p) induces an isomorphism on special fibres, and so we 
are free to replace Xq(jp) by Xq{p)/Qj^ in our considerations. We next note 

that the completion of the bottom arrow of p.l.2p at a closed geometric point xo of 
Xo{p)s depends up to isomorphism only on the value of h for which xq £ Xq{p)s 
(since the p-divisible group attached to the point xq depends only on the value of 
h) , and hence that the restriction of (13.1.41) to a formal neighbourhood of xq de- 
pends only on the value of h. We next note that, by }TY07[ Lem. 3.1], the closure 
of ^0(^)5 contains Xo{p)s ■ Since being tamely ramified is an open condition, we 
conclude from these two conditions that in order to prove the lemma, it suffices to 
show that the restriction of p.l.4|) to a formal neighbourhood of xq is tamely rami- 
fied at closed geometric points xq of Xo{p)s ■ (As already indicated, this argument 
is a variation on Deligne's homogeneity principle.) 

Thus, consider a closed geometric supersingular point xq of Xo{p)s , so that xq 
admits a formal neighbourhood of the form 

SpecWi¥p)[[Ti, . . . ,T„]]/(Ti . . .T„ - Wp). 

The proof of jTYOTi Prop. 3.4] shows that the T^ may be taken to be the matrix of 
tti-i on tangent spaces, so that the map Xo(p) -^ OT xq • ■ • xq 

OT may be defined in the formal neighbourhood of xq by the map 

(ri,...,T„)^((ri,[/i),...,(r„, [/„)), 
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where Ui = Ti ■ ■ ■ Ti ■ ■ ■ Tn (and, as is usual in these situations, a hat on a variable 
denotes that that variable is omitted in the expression). Thus a formal neighbour- 
hood of a closed geometric point lying over xq in {Xi{p)/q)s is isomorphic to 

SpecW{¥p)[Tr][[Vu. . . , V„]]/{iVi . . . Ynf-' - Wp). 

If we write u := V\ ...V^„/7r, then we see that u^~^ = —Wp/p, and hence that 
u lies in the normalisation of this formal neighbourhood. Furthermore, on each 
component of this normalisation, u is equal to one of the [p — l)st roots of —Wp/p 
lying in W{¥p). Thus the normalisation of this formal neighbourhood is a union of 
components, each isomorphic to 

Spec 0[[Vi,. . . , K]]/(T4 . . . K - utt), 

with the morphism p.l.4p being given by Ti — Vf^ . Thus this morphism is indeed 
tamely ramified in the formal neighbourhood of xq. 

It is clear that the T x J-action on Xi{p)l extends to an action on <-fi(p)/c>, and 
hence to its normalisation Xi{p)o- As for the final statement, note that / acts on 
TT via cj, and hence on u via w^^, while / fixes each Vi. Also T acts on Vi through 
multiplication by the ith diagonal entry, and acts on u via multiplication by the 
determinant. Combining these facts, we see that / acts on the component of the 
special fibre on which Vi — via li o uj^^ . D 

3.1.5. Remark. This lemma shows that the map Xi{p)a — > Xo{p) provides a 
tamely ramified semistable context, in the sense of Subsection 11.41 In particular, 
we can apply Theorem II. 4. Ill in this setting. 

3.2. Canonical local systems. li K is a sufficiently small compact open subgroup 
of G(A°°), and F is a continuous representation of K on an Fp-vector space (this 
vector space being equipped with its discrete topology) , then we may associate to V 
an etale local system J'v of Fp-vector spaces on X{K) as follows: Choose an open 
normal subgroup K' <Z K lying in the kernel of V , and regard t^ as a representation 
of the quotient K / K' . Since X{K') is naturally an etale K/K'-toisoi over X{K), 
we may form the etale local system of Fp-vector spaces over X{K) associated to 
the _?ir/ii''-representation V . This local system is independent of the choice of K' , 
up to canonical isomorphism, and we define it to be J-y- 

3.2.1. Definition. We refer to the etale local systems JV that arise by the preceding 
construction as the canonical local systems on X{K). If we may choose K' in 
the kernel of V to be of level dividing N (so that in particular X{K) is of level 
dividing N), then we say that J-y can be trivialised at level N. 

3.3. The Eichler— Shimura relation. Let X be a U{n — 1, 1)-Shimura variety of 
level dividing N. Let w be a place of F such that / := w\q splits in F and does not 
divide N. There is a natural action via correspondences on X of Hecke operators 
Tw , < « < n, where Tw is the double coset operator corresponding to 

'lU 



^^_^ , X 1 e GLjQi) X Zi 

where we use the assumption that / \ N and identify a hyperspecial maximal com- 
pact subgroup of G{Qi) with GL„(Z;) x Zj^ via an isomorphism D^u = M„(Qi). 
These correspondences then act on the cohomology iJ|^(Xjj, Fp). 
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More generally if J-y is a canonical local system on X that can be trivialised at 
level N ^ then we obtain an action of the double coset operators T^ on Ty, and 
hence on the cohomology 7J|^(Xq, J^y). 

The following theorem regarding this action is then an immediate consequence 
of the main result of [WedOOj (which proves the Eichler-Shimura relation for PEL 
Shimura varieties at places of good reduction at which the group is split). 

3.3.1. Theorem. Let X be a U{n — 1, 1)-Shimura variety of level dividing N , and 
Tv a canonical local system on X. Let w be a place of F such that u;|q splits in 
F and does not divide Np. Then X;r=o(-l)""*(Normu;)*('-i)/2ri,'^ Frobj„ acts as 
on each Hl^{X^,Fv)- 

3.4. Vanishing and torsion-freeness of cohomology for certain U{n — 1, 1)- 
Shimura varieties. Let X denote a U{n — 1, 1)-Shimura variety as above, and let 
J-y denote a canonical local system on X . Choose N so that X has level dividing A'', 
so that J-y can be trivialised at level iV, and so that p divides N . Assume that the 
projection of the corresponding level K to G{AP'°°) is sufficiently small. 

Let T = Zp[Tii ] be the polynomial ring in the variables T4 , 1 < i < n, where 
w runs over the places of F such that w\q splits in F and does not divide A''. 
Let m be a maximal ideal in T with residue field ¥p, and suppose that there 
exists a continuous irreducible representation pm ■ Gp ^ GL„(Fp) which is un- 
ramified at all finite places not dividing iV, and which satisfies char (pm(Frobu,)) = 

Er=o(-l)"~'(Nor™^)'^'~^^^^^'^*'^* mod m for aWw\N such that w\q, splits in F. 
Continue to fix a choice of a place p of -F dividing p, and write Gq^ for Gp^ from now 
on. Recall that the choice of p also gives us an isomorphism G(Qp) = GL„(Qp) x Q^ 
as in Section [3TT] 

We consider the following further hypothesis on pm (this is Hypothesis 14.1.11 
below) : 

3.4.1. Hypothesis. If 6 : Gq — s- GLm(fc) is any continuous, irreducible representa- 
tion with the property that the characteristic polynomial of Pmig) annihilates 9{g) 
for every g e Gq, then 9 is equivalent to pm- 

We will now prove our first main result, a vanishing theorem for the cohomology 
of X with J^iz-coefficients. 

3.4.2. Theorem. Suppose that pm satisfies Hypothesis 13.4.11 that Pmlcq is r- 
regular for some r < [n — '^)l'2', that p > n[n — l)/2 + 1 and, if r — (n — l)/2, 
suppose in addition that PmlGr contains an irreducible subquotient of dimension 
greater than one. Then the localisations Hl^.{Xg^, J-v)m vanish for i < r and for 
i>2{n- 1) -r. 

3.4.3. Remark. In Subsection 14.11 we will show that Hvpothesis 13.4.11 is satisfied 
if either pm is induced from a character of Gk for some degree n cyclic Galois 
extension K/Q, oi ii p > n and SL„(/c) C pm{G) C F GL„(A:) for some subfield 

kcfp. 

3.4.4. Remark. While we work here with etale local systems and etale cohomology, 
by virtue of Artin's comparison theorem |Gro731 XI 4.3] our vanishing results are 
equivalent to vanishing results for the cohomology of the complex U{n — 1,1)- 
Shimura varieties with coefficients in the corresponding canonical local systems for 
the complex topology. 
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Proof of Theorem \3.4-^ Firstly, note that it sufBces to prove vanishing in degree i < 
r for aU V, as vanishing in degree i > 2(n — 1) — r then follows by Poincare duality. 
(Note that the dual of the canonical local system TV attached to a representation 

V is the canonical local system attached to the contragredient representation V"^ .) 
We prove the theorem for i < r by induction on i, the case when i < being 

trivial. We begin by reducing to the case when J-y is trivial. To this end, write 
X = X{K), let K' be an open normal subgroup of K of level dividing N such that 

V is representation of K/K', and choose an embedding of /f/iir'-representations 

V ^-> ¥p[K/K']" for some n; denote the cokernel by W. Let tt denote the projection 
X{K') — > X{K). Passing to the associated canonical local systems, we obtain a 
short exact sequence -^ J-y — >■ 7r*F — >■ Tw — >■ 0, which gives rise to an exact 
sequence of cohomology 

Hr^\X^,Tw) ^ Hl,{X^,Tv) ^ Hl,{X^,nj;) = Hl,{X{K%,¥pr ■ 

Localizing at ra and applying our inductive hypothesis (with J^w in place of J-'v), 
we reduce to the case of constant coefficients (with X{K') in place of X). We 
therefore turn to establishing the claimed vanishing in this case. 

Suppose now that K' is any open normal subgroup of K of level dividing N. 
Combining the Hochschild-Serre spectral sequence 

ET^-^H^{K/K',H-{XiK')^,¥,)J =^ W/:+-{X{K)^,¥,)^ 

with our inductive hypothesis, we find that vanishing of iJ'(X(X'),Fp) implies 
the vanishing of Hl^(^X {K)^,¥pj . Thus, without loss of generality, we may and 
do assume that K = KpRP, where Kp is an open normal subgroup of /i, and Rp 
is a sufficiently small compact open subgroup of G{A°°'P). 

We again consider a Hochschild-Serre spectral sequence, this time the one relat- 
ing the cohomology of X{K) and X{IiKP), which takes the form 

E^^-"=H"-^{h/Kp,H^,{X{K)^,¥p)J =^ H^:+-{X{hKn^,¥p)^. 

Once more taking into account our inductive hypothesis, we obtain an isomorphism 
Hl,{XihKP)_^,¥p)^ ^ Hl,{X{K)^Jpy^"'r Since h/Kp is a p-group, while 
H^[X{K)-^,¥p^ is a vector space over a field of characteristic p, we see that the 
latter space vanishes if and only if its space of /i/ii'p-invariants does. Thus we are 
reduced to establishing the theorem in the case when K — IiRp. 

Now recall that Jj* = F^ x /i, and that the projection onto the first factor 
arises from the similitude projection GU{n — 1, 1) — ?> Gm. From this it follows that 
X{IiKP) is isomorphic to the product X{I^KP) x^ Spec A, where A := F[x]/^p{x) 
(where ^p{x) denotes the pth cyclotomic polynomial; the action of F^ = /j*//i on 
X{IiKP) is induced by the action of F^ on A given by a; n> x°' , for a G Fp^). 
Consequently there is an isomorphism of Galois representations 

W{X{hKP)^,¥p)^^ ^ ®^ZlH^{X{IlKP)^,¥p)^^^ ®u:i, 

where iTij is the maximal ideal in T which corresponds to the twisted Galois rep- 
resentation prrij := Pm ®Lo~-' ■ Since each of the Galois representations pm^ satisfies 
the hypotheses of the theorem (as these hypotheses are invariant under twisting) , 
we are reduced to proving the theorem in the case of X{I^KP). 

Now, consider an irreducible GiQ-subrepresentation 9 of Hi^(^X{IlKP),¥p)m- 
Theorem 13.3.11 and Hypothesis 13.4.11 taken together imply that 9 is equivalent to 
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Pm- Also, since 9 is irreducible, there must be some character -0 : I/Il -^ F^ 
such that 6 is in the i/^-part of i/^^(/i,Fp),T,. We consider -0 as an n-tuple of 
characters i/ji, . . . ,ipn of Fp . By Lemma 13.1.31 and Theorem 11.4.111 we see that 
6 can be embedded as the reduction mod p of a potentially semistable repre- 
sentation with Hodge-Tate weights in the range [— i,0], whose inertial type is a 
direct sum of characters belonging to the collection {ipj}. Write Xj for the Te- 
ichmiiller lift of the character of Iq given by ipj . By Theorem 13.3.11 we see that 
det^l/^j = det/9m|/jj = ^i ■ ' ■Xn'^"''"~"^^^^i so applying Theorem 12.2.41 we see that 
PmlcQ is not r-regular, a contradiction. D 

3.4.5. Corollary. Suppose that pm satisfies Hypothesis 13.4.1"! that Pxa\Gr, ** """- 
regular for some r < min{(n — l)/2,p — 2}, and, if r = (n — l)/2, suppose in 
addition that PmlGo contains an irreducible subquotient of dimension greater than 
one. Then the localisation Hl^{X^,Zp)m vanishes for i < r, while H^^^^{X^,Zp)m 
is torsion-free. 

Proof. This follows at once from Theorem 13.4.21 and the short exact sequence 

-^ Hl+\X^,ZpUm^J ^ 0. n 

3.4.6. Remark. As already remarked in the introduction, we expect some kind of 
mod p analogue of Arthur's conjectures to hold, and so in particular, we expect that 
stronger results than Theorem 13.4. 21 and Corollary 13.4. 51 should hold. In particular, 
if m is any maximal ideal in the Hecke algebra attached to an irreducible contin- 
uous representation pm '■ Gp -^ GL„(Fp), then we expect that the localizations 
^lti-^'nT-^v)m and Hl^^{X-^,'Lp)m should vanish in degrees i < n — 1. 

On the other hand, it need not be the case that (for example) iJ?j(Xfj, Fp) 
vanishes in all degrees in which HI^{Xq,Qp) vanishes. For example, in the case 
n — 3, for the unitary Shimura varieties that we consider here, namely those that 
are associated to division algebras, it is known that H^^^{X^,Qp) — Rog90[ 
Thm. 15.3.1]. (Under additional restrictions on the division algebra that is allowed, 
an analogous result is known for all values of n ( Clo93[ Thm. 3.4].) On the other 
hand, one can construct examples for which H^^.{Xg,¥p) ^ 0, and hence for which 
H?^^{Xq,Zp) is not torsion- free, via congruence cohomology. (See e.g. the proof of 
[Suh08[ Thm. 3.4].) The existence of such classes does not contradict our theorems 
or expectations, since congruence cohomology is necessarily Eisenstein (i.e. gives 
rise to Eisenstein systems of Hecke eigenvalues). 

3.5. On the mod p cohomology of certain U{2, 1)-Shimura varieties. Let 

X :— X{K) denote a U{2, 1)-Shimura variety, with K of level dividing N, for some 
natural number N divisible by p, and such that the projection of K to G(AP'°°) 
is sufficiently small. Let TV be a canonical local system on X, which may be 
trivialized at level N. The results of Section 13.41 are particularly powerful in this 
case, as we now demonstrate. 

3.5.1. Corollary. Suppose that pm satisfies Hypothesis 13.4.11 that Pm\Gq is 1- 
regular, and that Pm\GQ contains an irreducible subquotient of dimension greater 
than one. Then the localisations HI^^{Xq, J-v)m vanish for i ^ 2. 
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Proof. This follows immediately from Theorem 13.4.21 noting that the hypothesis 
that PitiIgq is 1-regular implies that p > A. D 

We now prove a result which does not require the existence of a Galois represen- 
tation pm. We begin with a lemma. 

3.5.2. Lemma. If m is a maximal ideal of T with residue field ¥p. such that 
^6ti-^0' -^v)"^ 7^ ^' ^^6^ there is an ahelian representation Pq : Gp -^ GL3(Fp) 
such that char (po(Frob^„)) = Yjl^„{~lf-''{^ormwy'^'-^'^/^T'^^X' (mod m) for all 
split places w of E for which w \ Np. 

Proof. This is standard and follows for example from Section 2.1 of |Del79) . D 

3.5.3. Theorem. If p is a three-dimensional irreducible sub-G p -representation of 
the etale cohomology group II^^.{XQ,J^v), then either every irreducible subquotient 
of P\Ga ^^ one- dimensional, or else p\Gr ^^ ^"i 1-regular, or else piGp) is not 
generated by its subset of regular elements. 

3.5.4. Remark. Recall that a square matrix is said to be regular if its minimal and 
characteristic polynomials coincide. In Subsection 14.21 we will show that p{Gf) is 
generated by its subset of regular elements if either p^ is induced from a character of 
Gk for some cubic Galois extension if/Q, or if p{Gf) contains a regular unipotent 
element. 

Proof of Theorem \3.5.S[ The argument follows similar lines to the proof of Theo- 
rem 13.4. 2[ although it is slightly more involved, since we are not giving ourselves 
the existence of the Galois representation p^. The key point will be that in the 
Hochschild-Serre spectral sequences that appear, the only other cohomology to 
contribute besides H^ will be i?°, and for maximal ideals of T in the support of 
iJ°, we do have associated Galois representations, by Lemma [3.5.21 

We first show that if Il9^ (^o? -^w) 7^ for some canonical local system Tw 

on X and some maximal ideal m of T, then Homc^ I p, H^^ {^qj ^v) [nx] ) = 0. To 

see this, note that if H9^(^X^, J'w) ^ y^ and Romcp (p, H^^^X^, J'v)[^]) ¥" 0, 
then Lemma 13.5.21 and Theorem 13.3.11 together imply that there exists an abelian 
representation pg : Gp — > GL3(Fp) such that for all g G Gp, the characteristic 
polynomial of pg(g) annihilates p{g). By Lemma l4. 1.31 this implies that p is abelian, 
which is impossible as p is irreducible. 

Now Ill:^.{Xg, Tv) is the direct sum of its localisations at the various maximal 
ideals m of T, and hence, since liomGp{p,II^^{X,Tv)) 7^ by hypothesis, we 
see that HomGp(/9, _ffjj(X, JV)m) 7^ for some maximal ideal m of T. Since this 
is a finite length Tm-module, we see that its Tm-socle l{oiRGp{p,II^^{X,J^v)[m]) 
must also be non-zero, and hence, by the preceding paragraph, we conclude that 
H9^{X,J'w)m — for any canonical local system J'w on X. 

As in the proof of Theorem I3.4.2[ choose a short exact sequence of canonical 
local systems — > JV ~^ tt^F — > Tw -^ 0, for some tt : X' ^ X . Passing to the 
the long exact sequence 

h9,{X,TwU ^ Hl,iX,TvU ^ Hl^iX,7r.¥pr = Hl,iX',¥X, 



p-ADIC HODGE-THEORETIC PROPERTIES OF MOD p ETALE COHOMOLOGY 29 

and using the result of the preceding paragraph, namely that H9^^{X,J-'w)m = 0, 
we conclude that p embeds into Hl^{X',¥p). Thus, replacing X by X', we reduce 
to the case when J-y is constant, which we assume from now on. 

We now suppose that p is a subrepresentation of H^^{X^,¥p)m- We will prove 
that p is then necessarily a subrepresentation of HI^[X{KpIi), Fp) , for some suf- 
ficiently small open subgroup K^ of G(A°°'P). The result will then follow from 
Lemmas ETl] and 11221 and Theorems [IXni EXH and [2231 

As in the proof of Theorem 13. 4. 2[ we write X = X{K), and choose a normal 
open subgroup K' := K^Kp of K, with Kp C /i. The Hochschild-Serre spectral 
sequence associated to the cover X{K') — ^ X{K) gives rise to an exact sequence 

^ H\K/K',H^{X{K'),¥p)J ^ Hl,{X{K),Wp)^ ^ Hl{X{K'),¥p)l'''' 

-^H\K/K\H^{X{K'),¥p)J. 

The same argument as above, using Lemma l3.5. 21 (applied now with X{K') in place 
of X), Theorem 13.3.11 and Lemma [4.1.31 shows that 

H\K/K\H^{X{K'),¥p)J = H^{K/K\H^{X{K'),¥p)J ^ 0. 

fact we have an 
hence an isomorphism 



Thus in fact we have an isomorphism ijj^ {X{K),¥p) -^ i/J^ (X {K'), ¥p) ^'^' , and 






\ KjK' 



Home, (p. Hi, {X{K), ¥p)) ^ Home, [p, H^ {X{K'), ¥ 

^RomG,[p,Hi{X{K'),¥p)^^) 

In particular, if p appears as a subrepresentation of Hl,(^X{K),¥p)m, then it ap- 
pears as a subrepresentation of Hl,(^X{K'),¥p)m- 

Now considering the Hochschild-Serre spectral sequence for the cover X{K') -^ 

X{KPIi), and using the fact that if RomGp(p,Hl,{X{K'),¥p)] ^ 0, then also 

/ _ \Ii/Kp 

iiomGF[PTHl,(^X{K'),¥p)] ^ (since h/Kp is a p-group), we conclude 

that if p appears as a subrepresentation of Hl,(^X{K'),¥p)m, then it appears as a 
subrepresentation of H^, {^X{KPIi),¥p)m- 

Arguing exactly as in the proof of Theorem 13.4.21 we then deduce that some 
twist of p appears in Hl,(^X{KPIi),¥p), and so, replacing p by this twist, it 
suffices to prove that if p is an irreducible three-dimensional representation p of 
Hl,(^X{KPIl),¥p) that is generated by its regular elements, then either every ir- 
reducible subquotient of p\Gn i^ one-dimensional, or else p\Gn is not 1-regular. 
This follows from Lemma r3. 1.31 and Theorems 11.4.111 13.3.11 and 12.2.41 exactlv as in 
the proof of Theorem 13.4.21 replacing the appeal to Hypothesis 13.4.11 with one to 
Lemma 14221 D 

Our other main theorem concerns the weight part of the Serre-type conjecture 
of [HerOQj for U{2,1). It is proved by combining our techniques with those of 
[EGH11| . where a similar theorem is proved for C/(3) (which is simpler, because 
one has vanishing of cohomology outside of degree 0). We begin by recalling some 
terminology from jEGHllj . We will call an irreducible Fp-representation of GL3 (Fp) 
a Serre weight. Fix an irreducible representation p : Gp — > GL3(Fp). Let X := 
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X{K) be a C/(2, 1)-Shimura variety such that K is of level dividing N and has 
sufficiently small projection to G{AP'°°), where now we assume that {N,p) — 1. 
Assume furthermore that p is unramified at all places not dividing Np, and define 
a maximal ideal m of T with residue field ¥p by demanding that for each place 
w \ Np of F such that wJq splits in F, the characteristic polynomial of p(Frob.uj) is 
equal to the reduction modulo m of J2Lo(-'^)^~'i^OTmwy'^'-^^^^Ti"^ X\ 

Let F be a Serre weight; since {N,p)=l, we may write K = KpRP where Kp C 
G(Qp) = GL3(Qp) X Qp is conjugate to GL3(Zp) x Z^ , and we may regard ^ as a 
representation of Kp via the projection GL^CZp) -^ GL3(Fp). As usual, write Tv 
for the canonical local system associated to V. We say that p is modular of weight 
V if for some N, X as above and for some < i < 4 we have 

Assume now that 'PIg,, is irreducible. Definition 6.2.2 of [EGHllj defines what 
it means for a Serre weight to be (strongly) generic, and Section 5.1 of [EGHllj 
(using the recipe of (HerOQj ) defines a set W'{'p) of Serre weights in which it is 
predicted that p is modular. Let Wgen(p) be the set of generic weights for which p 
is modular. 

3.5.5. Theorem. Suppose that p satisfies Hypothesis \4.1.1\ below, and that p|gq 
is irreducible and 1-regular. Suppose that p is modular of some strongly generic 
weight. Then IVgcn(p) = W{j)). In fact, for each V e Wgon(p),. we have 

if and only if i — 2 and V £ W' (jj). 

Proof. By the definition of m, the representation p satisfies the defining properties 
of the representation pm considered in Section 13.41 Applying Corollary 13.5.11 we 
see that for any Serre weight V, we have Hl^{X-^, Tv)m = ii i ^ 2. We will now 
deduce the result from Theorem 6.2.3 of [EGHllj (taking r there to be our p). By 
Theorem 4.3.3 of [EGHllj . we see that it suffices to show that we can define S 
and S as in Section 4 of [EGHllj so that Axioms A1-A3 of Section 4.3 of [EGHllj 
are satisfied. Following [EGHllj . we define S and S using completed cohomology 
in the sense of [Eme06j (in [EGHllj the use of completed cohomology was some- 
what disguised, but the constructions with algebraic modular forms in [EGHllj are 
equivalent to the use of completed cohomology of U{3) in degree 0). In fact, given 
our vanishing results the verification of the axioms of [EGHllj is very similar to 
that carried out for t/(3) in [EGHllj . and we content ourselves with sketching the 
arguments. 

From now on we regard the prime-to-p level structure K^ of X as fixed, and we 
will vary Kp in our arguments. We will write Kp{0) for GL3(Zp) x Z^ C G{Qp). 
We fix a sufficiently large extension E/Qp with ring of integers Oe, residue field ks, 
and uniformiser tue, and we define 

S:=\unHUX{KPKp)^,¥p)m, 



K„ 



rji Nl.ale; 



S := {{\^\h:^Hi^iXiKPKp)^, OE/n^%U) ®o. Zp) 

s Kp 

(that is, the locally algebraic vectors in the localisation at m of the completed 
cohomology of degree 2). Using the Hochschild-Serre spectral sequence and the 
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vanishing of Hl^{Xq,J'v)m = if z 7^ 2, it is straightforward to verify Axioms 
A1-A3 of Section 4.3 of jEGHllj . as we now explain. 

Firstly, we need to check that our definition of "modular" is consistent with 
that of Definition 4.2.2 of [ EGHll] . This amounts to showing that for any Serre 
weight V, 

To see this, note that since any sufficiently small Kp acts trivially on V, we have 

5 %^ F = lh^Hl{X{KPKp)^,¥pU ® V 

Kp 

so it is enough to check that for all compact open subgroups Kp C Kp{0) we have 

Hl{X{KPKp)^,Tv)^^^"^ = HliX{KPKpiO))^,^vU, 
which is an easy consequence of the Hochschild-Serre spectral sequence and our 
vanishing result. We also need an embedding S '^ S ®g ¥p which is compatible 
with the actions of GL3(Qp) and the Hecke algebra. In fact, it is easy to see that 
we have S 0^ ^p — S. For example, there is a natural isomorphism 

^ct(-'^Qi OE)m/^EH^t.{X^, OE)m = H^^{X■^, kE)m, 

and hence the vanishing of H?^{Xq, kE)m implies that of the finitely generated Oe- 
module H?^.(X-^, OE)m- One then sees that for all s we have a natural isomorphism 

HctiXq,OE)m/^EH6ti^Q,OE)m = -^ct (-'^Q; '^s/'^Dm, 

from which the claim follows easily. 

We now examine Axiom Al. We must show that if y is a finite free Zp-module 
with a locally algebraic action of Kp{0) (acting through GL3(Zp)), then {S ®j^ 
y)-^p(o) jg g^ finite free Zp-module, and for A — Qp, ¥p we have 

This is straightforward, the key point being that if Ty denotes the lisse etale sheaf 
attached to V ^ then a straightforward argument with Hochschild-Serre as above 
gives 

(^%, ^)'^''*°^ = HKXiK^Kpm^.y'v)^. 

which is certainly a finite free Zp-module (it is torsion-free by the proof of Corollary 
l3X5ll . 

The verification of Axioms A2 and A3 is now exactly the same as in Proposition 
7.4.4 of [EGHllj . as the Galois representations occurring in the localised cohomol- 
ogy module Hl^{X{K'PKp{^y)^,Ty)m are associated to automorphic forms exactly 
as in [EGHllj . (In fact, at least for Axiom A2 this is a rather roundabout way 
of proceeding, as the Galois representations in question are constructed in [ HTOlj 
by using Hl^{X{K'PKp{^))-^,Ty), and one can read off the required properties di- 
rectly from the comparison theorems of p-adic Hodge theory. For Axiom A3 we are 
not aware of any comparison theorems in sufficient generality, so it is necessary at 
present to take a lengthier route through the theory of automorphic forms.) D 
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4. Group theory lemmas 

The theorems of Section |3] contain certain hypotheses on the Galois representa- 
tions involved. Our goal in this section is to establish some group-theoretic lemmas 
which give sufficient criteria for these hypotheses to be satisfied. Throughout the 
section G is a finite group, and k is an algebraically closed field of characteris- 
tic p. For any square matrix A with entries in k, we write char (A) to denote the 
characteristic polynomial of A. 

4.1. Characterising representations by their characteristic polynomials. 

Let p : G ^f GL„(fc) be an irreducible representation. In this subsection we establish 
some criteria for p to satisfy the following hypothesis: 

4.1.1. Hypothesis. If : G -> GLm(fc) is irreducible, and if char [p{g)) annihilates 
0{g) for every g d G, then 9 is equivalent to p. 

4.1.2. Remark. Any irreducible p of dimension 2 satisfies Hvpothesis l4.1.H as was 
proved by Mazur (see the proof of Proposition 14.2 of Maz77i ). However, it is 
not satisfied in general if the dimension rt of p is greater than 2 (for instance, this 
already fails if p is the irreducible 3-diniensional representation of A4, cf. Section 5 
of [BLR91J as well as Remark |4. 1 . 71 below*) . 

4.1.3. Lemma. Let p : G ^ GL„(A:) and 9 : G ^ GLm{k) be two representations. 
If 9 is irreducible, and if char {p{g)) annihilates 9{g) for every g £ G, then the 
kernel of 9 contains the kernel of p. 

Proof. If p{g) is trivial, then the assumption implies that every eigenvalue of 9{g) 
is equal to 1, and hence that 9{g) is unipotent, and so of order a power of p. Thus 
the image of ker(p) under is a normal subgroup H of 6{G) of p-power order, and 
we see that the space of invariants (k™)^ is a non-trivial subspace of /c™. Since 
H is normal in 9{G), we see that 9{G) leaves (fc™)^ invariant, and hence, since 9 
is assumed to be irreducible, we see that in fact (fc™)'^ = k"\ Thus H is trivial, 
which is to say that ker(p) C ker(0), as claimed. D 

4.1.4. Lemma. If p : G ^ GL„(A:) is a direct sum of one- dimensional characters 
of G, and if 9{g) : G -^ Ghm{k) is an irreducible representation of G such that 
char {p{g)) annihilates 9{g) for every g £ G, then m — 1, so that 9 is a character, 
and every element of G lies in the kernel of at least one of the summands of p®9~^ . 

Proof. Since p is a direct sum of characters, it factors through G'^^ . Lemma [4.1.31 
then shows that 9 also factors through G^^ . Since 9 is also assumed to be irreducible, 
we find that 9 must be a character. Twisting by p by 9~^ , we may in fact assume 
that 9 is trivial, and writing p = Xi ® ' ' ' © Xm ^^ ihiA that for each g (z G, 
the value Xi{g) is equal to 1 for at least one value of i (since char {p{g)) — {X — 
XiCff)) ■ ■ • {^ ~ Xn{g)) annihilates 9{g) = 1). Thus G is equal to the union of its 
subgroups ker(xi). □ 

4.1.5. Remark. In the context of the preceding proposition, we can't conclude 
in general that 9 coincides with one the summands of p. E.g. if G denotes the 
Klein four group, if p is odd, and if p denotes the three-dimensional representation 
obtained by taking the direct sum of the three non-trivial characters of G, then 
taking 9 to be the trivial representation, the hypotheses of the proposition are 
satisfied, but 9 is certainly not one of the summands of p. 
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4.1.6. Lemma. If p : G — > Ghn{k) is irreducible, and is isomorphic to an induction 
dfj ipi where H is a cyclic normal subgroup 
character, then p satisfies Hypothesis 14.1.11 



Indjy Vi where H is a cyclic normal subgroup of G of index n and ip : H ^ k 



Proof. The restriction p\h is isomorphic to the direct sum (Bgsc/H'^'^ ■ If we let 6' be 
a Jordan-Holder constituent of the restriction d\H, then Lemma Ri. 1 .41 (applied to the 
representations p|^ and 9' of H) implies that 9' is a character of H and (because H is 
cyclic) that 9' — tp^ for some g G G/H. The i/-equivariant inclusion ^^ = 6*' — s- 9^^ 
then induces a non-zero G-equivariant map p = Indjj ip — Ind^ ■0'' — ?► 9, which must 
be an isomorphism, since both its source and target are irreducible by assumption. 
This proves the lemma. D 

4.1.7. Remark. If we take G = A4 and H to be the normal subgroup of G of 
order four (so that _ff is a Klein four group) , then the induction of any non-trivial 
character of H gives an irreducible representation p : G ^ S03(A:). For every 
g G G, the characteristic polynomial of p{g) thus has 1 as an eigenvalue, and so if 
9 denotes the trivial character of G, the element 9{g) is annihilated by char {p{g)) 
for every g € G. Thus the analogue of Lemma 14.1.61 does not hold in general if H 
is not cyclic. 

We thank Florian Herzig for providing the proof of the following lemma. 

4.1.8. Lemma. Suppose that G is a finite subgroup of GL„(fc), which contains 
SL„(fc') for some subfield k' of k, and is contained in fc^GL„(fc'). 

(1) Any irreducible representation of G over k remains irreducible upon restric- 
tion to SL„(fc'). 

(2) Any two irreducible representations of G which become isomorphic upon 
restriction to SL„(A;') can be obtained one from the other via twisting by a 
character of G that is trivial on SL„(fc'). 

Proof. Let G act via 9 on the fc-vector space V , and let {9, W) be an irreducible 
subrepresentation of ^|sL„(fc')- Then W is obtained by restriction from a repre- 
sentation of the algebraic group SL„/fc' (cf. Section 1 of |Jan87j ). so the action 
of SL„(fc') on W may be extended to an action of GL„(fc) and thus of G. By 
Frobenius reciprocity we obtain a surjective map (IndgL^j;./) \) ®W ^ y of G- 
representations. Since G/SL„(fc') is a finite abelian group of prime to p order, we 
see that (IndgL^^^./-) 1) is a direct sum of one-dimensional representations, so that V 
is a twist of W by some character which is trivial on SL„(fc'). Thus the restriction 
of 9 to SL„(fc') is just W , which is irreducible, proving (1). 

This same argument also serves to establish (2). D 

4.1.9. Lemma. Assume that p > n. If p : G ^ GL„(fc) is irreducible, and if 
SL„(fc') C p{G) C fc^GL„(fc') for some subfield k' of k, then p satisfies Hypothe- 
sis WJl] 

Proof. The case n = I follows from Lemma I4.1.4[ and as remarked above the case 
n = 2 is proved in the course of the proof of Proposition 14.2 of |Maz77) . so we 
may assume that n > 3. By Lemma I4.1.3[ we may assume that p is faithful, so 
that we can identify G with p{G). In particular, SL„(fc') is a subgroup of G, and 
by Lemma [4. 1.81 the restriction of 9 to SL„(fc') remains irreducible. 
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Since G is finite, our assumption that SL„(/c') C G implies that k' is finite; 
suppose that k' has cardinahty q. We recaU some basic facts about the rep- 
resentation theory of SL„(A:'); see for example Section 1 of [Jan87j . The irre- 
ducible ^-representations of SL„(A:') are obtained by restriction from the algebraic 
group SL„/A:', and are precisely those representations whose highest weights are 
g-restricted. (With the usual choice of maximal torus T of SL„, if we identify 
the weight lattice with Z" modulo the diagonally embedded copy of Z, a weight 
(ai, . . . , a„) is g-restricted if < Oj ^ o,i+i < 9 ^ 1 for all 1 < * < " ^ !•) Suppose 
that 6 has highest weight (ai,...,a„). Let g € SL„(fc') be a semisimple element 
with eigenvalues ai, . . . ,««• Then, since g is conjugate to an element of T(k), by 
considering the formal character of the corresponding representation of SL„/fc' we 
see that among the eigenvalues of 9{g) are each of the quantities 

n 

where the Xi are a permutation of oi, . . . , a„. 

Our assumption on 9 and p implies that for each such permutation, Y[i=i '^T 
must equal one of ai, . . . , a„. In particular, if we let a be a primitive (g" — 
l)/{q — l)-st root of unity, we may consider a semisimple element g with eigen- 
values a, a'', . . . , a' . Then for any xi, . . . , x„ as above, there must be an integer 

< ;3 < n - 1 such that 

g"-ia;i + g"-\2 + • • • + .x„ = / (mod (g" - l)/(g - 1)). 

Fix some I < i < n—l, and consider two permutations xi, . . . , a;„ and x'l, . . . ,x'^ 
as above, which satisfy Xi = x[ for 1 < i < n — 2, Xn-i = a-i, Xn = fti+i, x'^_i = Oj+i 
and x'^ — tti. Taking the difference of the two expressions q^^^xi+q^^^'^X2 + • • • + a:„ 
and q^~^x'i+q^^'^x'2 + - • • + a;Jj, we conclude that there are integers 0</3,7<7i — 1 
such that 

{q - l)(a, - a,+i) = q^-q'' (mod (g" - l)/(g - 1)). 

Since n > 3, we have < (g - l){ai - Oi+i) < (g - if < (g" - l)/(g - 1), 
and we conclude that either /3 > 7 and (g — l)(ai — ai+i) = g*^ — g""", or /3 < 7 
and (g — l)(ai — a^+i) — (g" — l)/(g — 1) + g*^ — q'' ■ In the second case, we have 
{q-1? > (g-l)(a,-a,+i) = (g"-l)/(g-l)+g^-g^ > (g"-l)/(g-l) + l-g"-i = 

g"-2 ^ h g + 2. This is a contradiction if 71 > 4. If n = 3, (g^ - l)/(g - 1) ee 3 

(mod g — 1), so that (g — 1)|3, which is a contradiction as p > 2. 

Thus it must be the case that /3 > 7 and (g — l){ai — a^+i) = g^ — g''', so that 
a.i — a.i+i is congruent to or 1 (mod g), and thus ai — a^+i = or 1. In particular, 
for each i we have 0<ai — a„ < n — I < p — 1. 

We now repeat the above analysis. Fix some 1 < i < n — 1, and consider 
two permutations xi,...,Xn and x'i,...,x'j^ as above, which satisfy Xi — x[ for 

1 < i < n — 2, Xn-i = ai, a;„ = a„, x'^_i = a„ and x'^ = ai. Taking the difference 
of the two expressions g"^^a;i + g"^^a;2 + - • •+a;„ and g"~^2:']^-|-g"~^X2 + - • ■+x'^, and 
using that < a^ — a„ < p — 1 < g — 1 , we conclude as before that each a^ — a„ = 
or 1. Thus there must be an integer 1 < r < n with ai = • • • = a^ = Oji + 1, 

O-r+l = • • • = On- 

Returning to the original congruences 

g"-ia;i + q^'-'x^ + • ■ • + x„ = g^ (mod (g" - l)/(g - 1)), 
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we see that the left hand side is congruent to a sum of precisely r distinct values 
g-', 1 < j < n — I. Thus r = I, and 0|sL„(fe') is the standard representation of 
SL„(fc'), i.e. 0|sL„(fe') — p|sL„(/£')- ^y P^"^* (2) of Lemma 14.1.81 we see that there is 
a character x ■ G ^ k^ with x|sL„(fc') = 1 such that 9 ^ p (E) X- 

To complete the proof, we must show that x is trivial. Take g G G; we will 
show that x{g) = 1- If g' G G has detg' = detg, then g{g')~^ G SL„(fc'), so 
xig') = x(<7)- Firstly, note that by assumption we can write g = Xh, with A € fc^, 
h e GLn{k'). Choose h' g GLn{k') to have eigenvalues {1, . . . , l,det(/i)}. Then 
h{h')^^ € SLn{k') C G, so g' :— Xh' is an element of G. Then the hypothesis on 
9 and p shows that the eigenvalues of x{g')9' = x{g)9' ^re contained in the set of 
eigenvalues of g', so that iixig) ^ 1 we must have xid) = det(/i) = — 1. Assume for 
the sake of contradiction that this is the case. If n is odd, then we now choose h' 
to have eigenvalues { — 1, . . . , —1}, and we immediately obtain a contradiction from 
the same argument. If n is even then since p > n we have p > 5 (recall that we are 
assuming n > 3), and we may choose a ^ {k')^ , a ^ ±1. Then choosing h' to have 
eigenvalues {1, . . . , 1, a, — 1/a} gives a contradiction. D 

4.2. Representations whose image is generated by regular elements. Re- 
call that a square matrix with entries in k is said to be regular if its minimal 
polynomial and characteristic polynomial coincide. 

4.2.1. Lemma. If p : G ^ GL„(fc) and 9 : G -^ GL„(A:) are representations such 
that the image 9(G) is generated by its subset of regular elements, and for every 
g ^ G the characteristic polynomial of p{g) annihilates 9{g), then det p = Aet9. 

Proof. Let g e G be an element such that 9{g) is regular. Then the characteristic 
polynomials of p{g) and 9{g) must be equal (since the minimal and characteristic 
polynomials of 9{g) coincide, and the characteristic polynomial of p[g) annihilates 
0[g)), so detp((jr) — det0(.g). Since 9{G) is generated by its subset of regular 
elements, the result follows. D 

In fact, we actually need a slight generalisation of this result, where we simply 
have a collection of characteristic polynomials, rather than a representation p. Sup- 
pose that for each g G G we have a monic polynomial Pg{X) = X^ — ai(g)X^^^^ + 
■ ■ ■ + (— l)"a„((?) e k[X] of degree n, with the property that for all g, h E G, we 
have an{gh) = an{g)anih). 

4.2.2. Lemma. Suppose that 9 : G ^ GL„(/c) is a representation with the property 
that 9(G) is generated by its subset of regular elements, and that for each g £ G we 
have Pg{0{g)) = 0. Then for each g £ G we have det9{g) = an{g)- 

Proof. This may be proved in exactly the same way as Lemma 14.2.11 D 

Let p : G ^t GL3(A:) be irreducible. Our goal is to give criteria for p to satisfy 
the following hypothesis, in order to apply the previous lemmas: 

4.2.3. Hypothesis. The image p{G) is generated by its subset of regular elements. 

4.2.4. Lemma. If p : G ^f Gljz{k) is irreducible, and if either: 

(1) p is isomorphic to an induction Ind^ ^, where H is a normal subgroup of 
index 3 in G and tp : H ^ k^ is a character, or 

(2) p{G) contains a regular unipotent element, 
then p satisfies Hypothesis 14.2.31 
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Proof. Suppose firstly that p is isomorphic to an induction Ind^ ip. Since iJ is a 
proper subgroup of G, the set of elements G — H generates G. li g E G — H then 
the characteristic polynomial of p{g) is of the form X^ — a. li p ^ 3 then this has 
distinct roots, so p{g) is regular, and if p = 3 then it is easy to check that p{g) is 
the product of a scalar matrix and a unipotent matrix, and is regular. 

Suppose now that p{G) contains a regular unipotent element. For ease of nota- 
tion, we will refer to p{G) as G from now on. Let H be the subgroup of G generated 
by the regular elements, and assume for the sake of contradiction that H is a proper 
subgroup of G. We claim that H contains every scalar matrix in G; this is true 
because the product of a scalar matrix and a regular matrix is again a regular ma- 
trix. Consider an element g G G — iJ; since it is not regular, and not scalar, it acts 
as a scalar on some unique plane in k^. We write £g for the corresponding line in 

P2(fc). 

Let h be the given regular unipotent element in H. Then h stabilises a unique 
line in fc^, so a unique point P S P^(fc). As g e G — if , we also have gh E G ~ H. 
Then ig D £gh is non-empty, so there is a point Q € P^(fc) which is fixed by g 
and gh. It is thus also fixed by h, so in fact Q = P. Since g was an arbitrary 
element oi G — H, we see that every element oi G — H fixes P, and since G is 
generated hy G — H, this implies that every element of G fixes P. This contradicts 
the assumption that p is irreducible. D 

Appendix A. Cohomology of pairs 

A.l. Etale cohomology of a pair. Let X be a scheme, finite-type and separated 
over a field, let Z he a, closed subscheme, and write j : U ^^ X ioi the open 
immersion of the complement U := X \ Z into X. As in Section [1] we let E be 
an algebraic extension of Qp, where p is invertible on X, let ks denote the residue 
field of E, and we let A be one of E oi ks- We define the etale cohomology of the 
pair {X, Z) with coefficients in A to be the etale cohomology of the shea.i j\A on X, 
i.e. we write 

HUX,Z,A):=H',,{X,j,A). 
li i : Z ^^ X is the closed immersion of Z, then the short exact sequence 

-^ j\A ^ A ^ i^A -^ 
gives rise to a long exact sequence 

...^HUZ,A)^ W+\X, Z, A) ^ W+\X, A) ^ W+\Z, A) ^ ■ ■ ■ , 

which is the long exact cohomology sequence of the pair (A, Z). 

We are particularly interested in the case of a pair {X \Y,Z \Y), where X is 
a smooth projective variety over a separably closed field, and Y and Z are smooth 
divisors on X which meet transversely. In this case we have a Cartesian diagram 
of open immersions 

(A.1.1) X\{Y\JZ)- — ^X\Y 

k' 

X\Z ^ X. 

According to the above definition, the cohomology of the pair {X\Y, Z\Y) is com- 
puted as the cohomology of the sheaf ji^ on X\Y, which is canonically isomorphic 
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to the cohomology of the complex Rki.j\A on X. An important point is that there 
is a canonical isomorphism 

(A.1.2) j'RKA ^ RkJ,A. 

(See the discussion of §111 (b) on p. 44 of |Fal89| .l 

A.2. Verdier duality. Verdier duality ( |Gro73[ XVIII], jVer67j l states that if / : 
X — >■ S" is a morphism of finite-type and separated schemes over a separably closed 
field k, then for any constructible etale j4-sheaves .F on X and Q on 5", there is a 
canonical isomorphism (in the derived category) of complexes of etale sheaves on S 

RHom{Rf,T,g) ^ Rf^RHom{F, fg). 

We recall some standard special cases of this isomorphism, in the context of the 
diagram (|A.1.1|) . 

Taking / to be k' (and recalling that k' is an open immersion), we obtain an 
isomorphism 

RHom{k[A, A) ^ Rk'^RHom{A, A) = Rk'^A, 
and hence by double duality, an isomorphism 
(A.2.1) RHom{Rk'^A, A) = k',A. 

Next, taking / to be j', and taking into account (jA.1.2[) and (jA.2.1[) . we obtain 
isomorphisms 

RHom{Rk^j,A,A) = RHom{j[Rk'^A,A) = Rj^RH om{Rk'^A, A) = Rjlk[A. 

Finally, taking / to the natural map X -^ Spec A;, and recalling that in this case 
f-A = A[2d]{d) (where d is the dimension of X; cf. |Gro73[ XVIII 3.2.5]) and that 
i?/* = Rf\ (since / is proper, the variety X being projective by assumption), we 
find that 

RHom{Rf^RkJiA,A) = Rf^RHom{Rk^j,A,A[2d]{d)) ^ Rf^Rjik',A[2d]{d). 

Passing to cohomology, we find that Hi^. {X \Y, Z \Y, A) is in natural duality with 

H^'^-'{X\Z,Y\Z,A){d). 

A. 3. Vanishing outside of, and torsion-freeness in, the middle degree. We 

continue to assume that X is a smooth projective variety of dimension d over the 
separably closed field fc, and that Y and Z are smooth divisors on X which meet 
transversely, but in addition, we now assume that the complements X \Y and 
X \ Z are affine (and hence also that Z \Y and Y \ Z are affine). This latter 
assumption implies that Hl^[X \ y, A) vanishes if i > d, and that Hl^.(^Z \ Y,A^ 
vanishes if i > d ( |Gro73| XIV 3.3). By the long exact cohomology sequence of the 
pair {X\Y,Y\Z),we see that Hi^ {X\Y,Z\Y, A) vanishes Hi > d. Similarly, we 
see that H'^'^^'^{X \Z,Y\Z, A)(d) vanishes if i < d. Hence, by the duality between 
Hl^ {X\Y,Z\Y, A) and H^'^-' {X\Z,Y\Z, A) (d) , we find that both vanish unless 
i = d. 

Let Oe denote the ring of integers in E. Suppose momentarily that E/Qp is 
finite, and let -nj be a uniformiscr of Oe- From a consideration of the cohomology 
long exact sequence arising from the short exact sequence of sheaves 

^ Oe/hj" ^ Oe/c[7"+i ^ fcfi ^ 0, 

and arguing inductively on n, we find that iJ?^(X \Y, Z \Y, Oe/^^) vanishes in 
degrees other than i = d for all n. Passing to the projective limit over n, we see that 
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the same is true of iJ?^. (X\Y, Z\Y, Oe ) ■ Finally, a consideration of the cohomology 
long exact sequence arising from the short exact sequence 



O^Of 



Of 



kE ^0 



shows that H^^^{X \Y,Z\Y,Oe) is torsion- free. 

By passage to the direct limit over subfields of E which are finite over Qp, 
see that these properties continue to hold for arbitrary algebraic extensions 
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